MATERIALY XV KONFERENCJI SZKOLENIOWEJ
Z ANALIZY I GEOMETRII ZESPOLONEJ

1994 Lédz str. 63

ON SOME SUBCLASSES OF REGULAR FUNCTIONS
WITH FIXED COEFFICIENTS

V.A. Pohilevich (Kijéw)

In the paper we shall consider a few classes of holomorphic functions with
a fixed coefficient or a fixed system of coefficients.

Definition 1. Let C denote the class of functions of the form

(1) p(2) =1+piz4+p2®+ ... 4 pp2"+...

which are regular in the disc E = {z, |z| < 1} and satisfy in F the condition
Rep(z) >0 ([3]).

Accordingly, Cr is a subclass of C' of functions of form (1) with real
coeflicients.
It is well known ([5]) that qr € Cg if and only if ¢r has the representation

T _ 22
(2) an(e) = [ et

» 1 —2zcost + 22 a

where 4 € M[—n,w], M is the class of functions non-decreasing in the interval
[—m, @], with the normalization [ du(t) = 1.

Definition 2. Let next P(20e™®,n,n + k), n,k € N, n>1, 1 <k < n, denote
the subclass of C of functions ¢ of the form

(3) q(2) = 14+ 20€®2" + ppyp2™ ™+

where the coefficient 2ae’® at 2" is fixed, a € (0,1), © € [0,27).
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Accordingly, let Pr(2a,n,n + k), denote a subclass of P(2ae®, n,n+ k) of
functions gr of the form

(4) qr(2) =1+ 202" 4 2, 112" TF 4 ..

where all the coeflicients are real and the coefficient 2o, a € (—1,1) at 2™ is
fixed.

Note 1. If, in the definition of the class P(2ae’®,n,n + k), the value of O is
not fixed, the coresponding class will be denoted by P(2«,n,n+k) and called
a class of functions regular in F with the fixed module 2« of the coefficient
at 2".

Theorem 1 [6]. A function q € P(2ae’®,n,n + k) if and only if ¢ has the
representation

14 @2 + (aem € + 2" w(z)
1 — @z + (e — 2n)w(2)

(5) q(2)

, z€eF,

where the function w(z) = cpz +cp12" +... € 2(k), i.e. w is reqular in E,
lw(z)| <1 for all z€ E, k> 1 - a positive integer.

Theorem 2. A function qg € Pr(2a,n,n+k) if and only if qr has the repre-
sentation

1+ a2" + (a4 2")wi(z)

S l—az (o — 2w (2)

(6) ar

where the function wy(z) = apz* + ap12" + ... € Qr(k), i.e. w is reqular
in E with real coefficients ay = ay and |wi(2)| < 1. In particular, wi(z) may

take the form wi(z) = 2(w(2) + w(z)) where w(z) is defined in Theorem 1.

Definition 3. Let next T stand for the class of functions of the form
(7) f(2)=z+4coz® +e32® +...,

analytic and typically-real in E, i.e. such that Im f(2)-Imz >0,z € E, z # Z.

Accordingly, we shall denote by T(cy) a subclass of T of functions (7)
where the coefficient ¢y € (—2,2) at 22 is fixed.

As one knows ([7]), f € T if and only if C,, = C,, n = 2,3,..., and
Re(f (z)%) > 0 for z € E, which is equivalent to the equality

z

(®) £(2) = = 5anl2)

where qr € Cg.

Evidently, relation (8) holds only for the functions f € T'(cs), and qr €
P(Cg, 17 2)

Further, of course, formula (6) may be written in the form

1+ az™ + (a+2")2" o (2)
ol -z (a— 2n)2R10(2)]

9) q(z)

z € FE,
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where @1]z| = c12 + 222 + ... € Qg(1).
Between the functions @1 (z) € 25(1) and the class Pr(2a,1,2) there is an
evident relationship

(10) wor(z) = RE 1

Substituting (10) in (9) we get

1tz + (a+2")2P 4 [T+ a2 + (o + 2") 2 Hggr(2)
Sl —(a— 22l 1 —azn 4 (o — 27) 2 gr(2)’

(11) qr(2)

z€eD.

For the function gg, formula (11) presents a linear fractional transforma-
tion. The determinant A of this transformation equals A = 4(1—a?)z" k=1 £
0 for z € E\{0}.

Now, applying the result of I. Ashnevich and G. Ullina [2], we obtain the
following main theorem

Theorem 3. If z € E s fized, then the region of values of the functional
I = q(2) in the class Pr(2a,n,n+k) is a convex hull which is bounded by two
circles, one of which passes through

14 az" + (a+2")2" 1taz" — (a+2")2"
ql_l—az”—i—(a—z")z’f’ qz_1—042:"—(04—,2")z’€7
1+ az" + (a+ 27!
q3 =

Cl—az" + (o — 272kt
and the other passes through the points q1, q2 and q4 where

1+ az™ — (a+2")2M ]
1l -zt — (a — )kt

q4

In particular, in the case n = k = 1, we obtain the corresponding four points:

1+ 2az + 22 1—22 14+21—(1—a)z+ 22
G =—F""5"> 2= 57—5 "3 q3 = oh
1-=2 1—2az+ 2 l—z14(1—a)z+2
1—z14+(1+a)z+ 22
q4

- 1+21—(14+a)z+ 22"

Now, using formula (8), we get

Corollary 1. The region of values of the functional I = f(2) in the class
T(2a) is a convex hull which is bounded by two circles, one of which passes
through

B z f_1—|—2az+z2 fa= z 1—(1—a)z+22
1 -2az+ 22’ 2 (1—22)2 7 3_(1—22)21+(17a)z+22’

and the other - through the points f1, fo and f, where

f1

z 1+ (1+a)z+22
(1+2)21-(1+a)z+ 22

fa=
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Note 2. This result was obtained by means of another method by W.E.
Alenitsin [1] and E.G. Golusina [4].

It is interesting that the points f;3 and f;, obtained by us, differ from
the coresponding points in [1] and [4] at the second factor (in [1] and [4]
it is equal one). However, it can be shown that the points fi, f2, f3 and
fz= oy belong to the same circle.

We consider another particular case: n =2, k = 2. Then we have

Corollary 2. If z € E is fized, then the region of values of the functional
I = q(z) in the class P(2a,2,4) of functions normalized by the expansion
q(z) =14+ 2022 +2p32° + ..., z € E, is a convex hull which is bounded by two
circles, one of which passes through

142022 + 24 B 1—2z* 14zl (14 a2+ 2t
B 1—2¢ 7 2= 1 0022 1 4 q3_1—zl—|—(1—a)22—|—z4

q1

and the other - through the points q1,q2 and qs where

Cl—zl4+ (1 +a)?+2t
S l+z14+(1—a)22 42

qa

Using formula (8) we get the following

Note 3. One can also obtain the region of values of the functional I = f(z),
0 # z € E, in a subclass of typically-real functions generated by functions ¢
belonging to the classes of type P(2a,n,n + k).

REFERENCES

1. Ju.E. Alenicyn, Ob oblastjach izmenenija sistem koefficientov funkcij, predstavimych summoj
integralov Stilt’esa, Vest. Leningr. Univ. 7 (1962), no. 2, 25-41.

2. I.Ja. Asnevic, G.V. Ulina, On the regions of values which have Stieltjes integral representa-
tions, Vest. Leningr. Univ. 11 (1955), 31-42.

3. C. Carathéodory, Uber den Variabilititsbereich der Fourierschen Konstanten positiven har-
monischen Funktionen, Rend. Circ. Math. Palermo 32 (1911), 193-217.

4. E.G. Goluzina, Ob oblastjach znacentij nekotorych sistem funkcionalov v klasse tipié¢no ves-
cestvennych funkcij, Vest. Leningr. Univ. 7 (1962), no. 2, 45-62.

5. G.M. Goluzin, On typically-real functions, Mat. Sbornik 27 (1950), no. 69, 2, 201-207. (in
Russian)

6. V.A. Pochilevi¢, O podklasssach reguljarnych i odnolistnych funkcij s fiksirovannym koeficien-
tom, Ukr. Mat. Zurn 43 (1991), no. 6.

7. W. Rogosinski, Uber positive harmonische Entwicklungen und typischreelle Potenzreihen,
Math. Z 35 (1932), 93-121.

O PEWNEJ PODKLASIE FUNKCJI REGULARNYCH
7 USTALONYMI WSPOLCZYNNIKAMI

Streszczenie. W pracy przedstawiono kilka nowych rezultatéw dotycza-
cych wiasnosci pewnych klas funkcji holomorficznych w kole |z| < 1 z ustalo-
nym wspdlezynnikiem (badz ustalonym uktadem wspétezynnikow) rozwinie-
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cia tych funkcji w szereg potegowy o $rodku w punkcie z = 0. Zakladamy
przy tym, ze rozwazane funkcje maja wszystkie wspotczynniki rzeczywiste.

Bronistawow, 11-15 stycznia, 1993 r.



