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❚❛❞❡✉s③ ❑r❛s✐➠s❦✐ ✭❾ó❞➵✮

❆❜str❛❝t✳ ❲ ♣r❛❝② ♦♠ó✇✐♦♥② ❥❡st ♥❛❥♣r♦sts③② t②♣ ✇➛③➟ó✇ t♦r②❝③♥②❝❤ ✕✇➛③➟② t♦r②❝③♥❡ ♣✐❡r✇s③❡❣♦ r③➛❞✉✳ ❙→ t♦ ✇➛③➟② ③✇✐→③❛♥❡ ③ ♥❛❥♣r♦sts③②♠✐ ❦r③②✲✇②♠✐ ❧♦❦❛❧♥②♠✐ ♠❛❥→❝②♠✐ ❥❡❞♥→ ♣❛r➛ ❝❤❛r❛❦t❡r②st②❝③♥→✳

✶✳ ❲st➛♣
❚❡♦r✐❛ ❦r③②✇②❝❤ ❛♥❛❧✐t②❝③♥②❝❤ ✇ ❈✷ ➧❝✐➧❧❡ ✇✐→➺❡ s✐➛ ③ t❡♦r✐→ ✇➛③➟ó✇✳ ❏❡➧❧✐❱ ❂ ❱ ✭❢✮❀ ❢ ✷ ❈❢①❀ ②❣❀ ❢ ✻❂ ❝♦♥st❀ ❥❡st ❦r③②✇→ ❧♦❦❛❧♥→ ♦♣✐s❛♥❛ ♣r③❡③ ró✇♥❛♥✐❡❢✭①❀ ②✮ ❂ ✵ ✇ ♣❡✇♥②♠ ♦t♦❝③❡♥✐✉ ❯ ♣✉♥❦t✉ ✵ ✷ ❈✷❀ t♦ ❥❡❥ ❝③➛➧➣ ✇s♣ó❧♥❛ ❱ ❭ ❙✸r③ ❞♦✇♦❧♥→ ✸✲✇②♠✐❛r♦✇→ s❢❡r→ ❙✸r ✿❂ ❢✭①❀ ②✮ ✷ ❈✷ ✿ ❥①❥✷ ✰ ❥②❥✷ ❂ r✷❣ ♦ ❞♦st❛t❡✲❝③♥✐❡ ♠❛➟②♠ ♣r♦♠✐❡♥✐✉ r ❥❡st ❤♦♠❡♦♠♦r✜❝③♥❛ ③ ♦❦r➛❣✐❡♠ ❥❡❞♥♦st❦♦✇②♠ ❙✶ ✭❣❞②❱ ❥❡st ♥✐❡♣r③②✇✐❡❞❧♥❛✮ ❧✉❜ s❦♦➠❝③♦♥→ r♦③➟→❝③♥→ s✉♠→ ♦❦r➛❣ó✇ ❥❡❞♥♦st❦♦✇②❝❤ ✭❣❞②❱ ❥❡st ♣r③②✇✐❡❞❧♥❛✮✳ ❩❛t❡♠ ❥❡st t♦ ✇➛③❡➟ ❧✉❜ s♣❧♦t ✇ ❙✸r✿ ❈♦ ✇✐➛❝❡❥✱ ❞❧❛ ✇s③②st❦✐❝❤❞♦st❛t❡❝③♥✐❡ ♠❛➟②❝❤ r ✇➛③❡➟ ✭s♣❧♦t✮ t❡♥ ♥✐❡ ③❛❧❡➺② ♦❞ r ③ ❞♦❦➟❛❞♥♦➧❝✐→ ❞♦ ❤♦♠❡✲♦♠♦r✜③♠✉ s❢❡r ✐ ❥❡❞♥♦③♥❛❝③♥✐❡ ❝❤❛r❛❦t❡r②③✉❥❡ t♦♣♦❧♦❣✐➛ ❱ ✇ ✹✲✇②♠✐❛r♦✇❡❥ ❦✉❧✐✱❦tór❡❥ ❜r③❡❣✐❡♠ ❥❡st t❛ s❢❡r❛✳ ❖❦❛③✉❥❡ s✐➛✱ ➺❡ ✇➛③➟② t❡ s→ s③❝③❡❣ó❧♥❡❣♦ r♦❞③❛❥✉✳❙→ t♦ t③✇✳ ✇➛③➟② t♦r②❝③♥❡✳ ❲ ❛rt②❦✉❧❡ ♦♠ó✇✐♠② ♥❛❥♣r♦sts③② t②♣ t②❝❤ ✇➛③➟ó✇✱t③✇✳ ✇➛③➟② t♦r②❝③♥❡ ♣✐❡r✇s③❡❣♦ r③➛❞✉✳ ❙→ t♦ ✇➛③➟② ❦r③②✇②❝❤ ❧♦❦❛❧♥②❝❤ ♦ ❥❡❞✲♥❡❥ ♣❛r③❡ ❝❤❛r❛❦t❡r②st②❝③♥❡❥✱ ✇ s③❝③❡❣ó❧♥♦➧❝✐ ❦r③②✇②❝❤ ①♥ � ②♠ ❂ ✵❀ ♥❀♠ ✷ ◆✱✷✸
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◆❲❉✭♥❀♠✮ ❂ ✶✿ ❩❡ ✇③❣❧➛❞✉ ♥❛ ♣♦st❛➣ ♣❛r❛♠❡tr②③❛❝❥✐ t②❝❤ ❦r③②✇②❝❤ ♣r♦➧❝✐❡❥ ❥❡str♦③✇❛➺❛➣ ❜r③❡❣✐ ♣♦❧✐❝②❧✐♥❞ró✇ ❢✭①❀ ②✮ ✷ ❈✷ ✿ ❥①❥ ✔ r❀ ❥②❥ ✔ r✵❣ ♥✐➺ s❢❡r② ✭s→ t♦♦❝③②✇✐➧❝✐❡ ③❜✐♦r② ❤♦♠❡♦♠♦r✜❝③♥❡✮✳ ❲ ♣✉♥❦❝✐❡ ♣✐❡r✇s③②♠ ♣r③❡❞st❛✇✐♠② ❦rót❦♦♣♦❞st❛✇♦✇❡ ❞❡✜♥✐❝❥❡ ❞♦t②❝③→❝❡ ✇➛③➟ó✇✱ ❛ ✇ ❞r✉❣✐♠ ♦♠ó✇✐♠② ✇➛③➟② t♦r②❝③♥❡ ♣✐❡r✲✇s③❡❣♦ r③➛❞✉✳ ❩✇✐→③❡❦ ❦r③②✇②❝❤ ③ ✇➛③➟❛♠✐ ♦♠ó✇✐♠② ✇ ♥❛st➛♣♥②♠ ❛rt②❦✉❧❡✳

✷✳ ❊❧❡♠❡♥t② t❡♦r✐✐ ✇➛③➟ó✇
❖③♥❛❝③♠② ♣r③❡③ ❙✶ ✿❂ ❢③ ✷ ❈ ✿ ❥③❥ ❂ ✶❣ ❂ ❢❡✷✙✐✒ ✿ ✒ ✷ ❬✵❀ ✶❪❣ ♦❦r→❣ ❥❡❞♥♦st❦♦✇②✇ ❈✱ ❛ ♣r③❡③ ❙✸ s❢❡r➛ tró❥✇②♠✐❛r♦✇→✱ ③❞❡✜♥✐♦✇❛♥→ ❥❛❦♦ ♣r③❡str③❡➠ ❘✸ ✉③✉♣❡➟♥✐♦♥→♣✉♥❦t❡♠ ✶❀ t③♥✳

❙✸ ✿❂ ❘✸ ❬ ❢✶❣
③ t♦♣♦❧♦❣✐→ ❆❧❡❦s❛♥❞r♦✇❛✳ ❩❜✐♦r❛♠✐ ♦t✇❛rt②♠✐ ✇ ❙✸ s→✿ ③❜✐♦r② ♦t✇❛rt❡ ✇ ❘✸ ♦r❛③❞♦♣❡➟♥✐❡♥✐❛ ③❜✐♦ró✇ ③✇❛rt②❝❤ ✇ ❘✸ ✉③✉♣❡➟♥✐♦♥❡ ♣✉♥❦t❡♠ ✶✿❲➛③➟❡♠ ♥❛③②✇❛♠② ♦❜r❛③ ❤♦♠❡♦♠♦r✜❝③♥② ♦❦r➛❣✉ ❙✶ ✇ ❙✸ t③♥✳ ♣♦❞③❜✐ór❲ ✚ ❙✸t❛❦✐✱ ➺❡ ❲ ❂ ✟✭❙✶✮❀ ❣❞③✐❡

✟ ✿ ❙✶ ✦ ❙✸
❥❡st ❤♦♠❡♦♠♦r✜③♠❡♠ ♥❛ ♦❜r❛③✳ ❙♣❧♦t❡♠ ♥❛③②✇❛♠② s❦♦➠❝③♦♥→ ❧✐❝③❜➛ r♦③➟→❝③♥②❝❤✇➛③➟ó✇✳ ❩❛t❡♠ ✇➛③❡➟ ❥❡st s③❝③❡❣ó❧♥②♠ ♣r③②♣❛❞❦✐❡♠ s♣❧♦t✉✳

❉✇❛ ✇➛③➟② ✭s♣❧♦t②✮ ❲✶❀❲✷ ♥❛③②✇❛♠② ró✇♥♦✇❛➺♥②♠✐✱ ❣❞② ✐st♥✐❡❥❡ ❤♦♠❡♦♠♦r✲✜③♠ ❋ ✿ ❙✸ ✦ ❙✸ t❛❦✐✱ ➺❡ ❋ ✭❲✶✮ ❂ ❲✷✿ ▼ó✇✐♠② ✇t❡❞②✱ ➺❡ ✇➛③➟② ✭s♣❧♦t②✮ ♠❛❥→t❡♥ s❛♠ t②♣✳ ❖③♥❛❝③❛♠② t♦ ❲✶ ✘❲✷✿ ❲➛③➟❡♠ tr②✇✐❛❧♥②♠ ♥❛③②✇❛♠② ✇➛③❡➟
❙✶ ✸ ❡✷✙✐✒ ✼✦ ✭❝♦s ✒❀ s✐♥ ✒❀ ✵✮ ✷ ❙✸

P♦♥✐❡✇❛➺ ❞❛❧❡❥ ❜➛❞③✐❡♠② r♦③✇❛➺❛➣ t②❧❦♦ ✇➛③➟② ❛♥❛❧✐t②❝③♥❡✱ t③♥✳ ❢✉♥❦❝❥❡✟ ✿ ❙✶ ✦ ❙✸ s→ ❛♥❛❧✐t②❝③♥❡✱ ✇✐➛❝ ✇②st❛r❝③② ♦❣r❛♥✐❝③②➣ s✐➛ ❞♦ ✇➛③➟ó✇ ❜➛❞→❝②❝❤
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➟❛♠❛♥②♠✐✳ ❲②♥✐❦❛ t♦ ③ ❢❛❦t✉✱ ➺❡ ❦❛➺❞② ✇➛③❡➟ ❦❧❛s② ❈✶ ✭✇ s③❝③❡❣ó❧♥♦➧❝✐ ❛♥❛❧✐t②✲❝③♥②✮ ❥❡st ró✇♥♦✇❛➺♥② ✇➛③➟♦✇✐ ❜➛❞→❝❡♠✉ ➟❛♠❛♥→ ✭❬❈❋❪✱ ❆♣♣✳ ✶✮✳

❆❜② ♦❞ró➺♥✐➣ ✇➛③➟② ✭❛ ❞♦❦➟❛❞♥✐❡❥ t②♣② ✇➛③➟ó✇✮ ❞❡✜♥✐✉❥❡ s✐➛ ró➺♥❡ ♥✐❡③♠✐❡♥♥✐❦✐✇➛③➟ó✇ ✐ s♣❧♦tó✇✳ ❏❡➧❧✐ ❦❛➺❞❡♠✉ ✇➛③➟♦✇✐ ✭♦❞♣✳ s♣❧♦t♦✇✐✮ ❲❀ ❜➛❞→❝❡♠✉ ➟❛♠❛♥→✱♣r③②♣✐s③❡♠② ❡❧❡♠❡♥t ✔✭❲ ✮ ♣❡✇♥❡❣♦ ③❜✐♦r✉ ❳ ✇ t❛❦✐ s♣♦só❜✱ ➺❡ ❥❡➧❧✐ ❲✶ ✘ ❲✷ t♦✔✭❲✶✮ ❂ ✔✭❲✷✮❀ t♦ ❢✉♥❦❝❥➛ ✔ ♥❛③②✇❛♠② ♥✐❡③♠✐❡♥♥✐❦✐❡♠ ✇➛③➟ó✇✳P♦❞st❛✇♦✇②♠ ♥✐❡③♠✐❡♥♥✐❦✐❡♠ ✇➛③➟ó✇ ❥❡st ❞♦♣❡➟♥✐❡♥✐❡ ✇➛③➟❛ ❙✸♥❲❀ tr❛❦t♦✇❛♥❡❥❛❦♦ ♣r③❡str③❡➠ t♦♣♦❧♦❣✐❝③♥❛ ✇②♣♦s❛➺♦♥❛ ✇ t♦♣♦❧♦❣✐➛ ♥❛t✉r❛❧♥→✳ ❏❡st t♦ ③✉♣❡➟♥②♥✐❡③♠✐❡♥♥✐❦ ✇➛③➟ó✇✱ ❣❞②➺ ③❛❝❤♦❞③✐ ♣♦❞st❛✇♦✇❡ ✇ t❡♦r✐✐ ✇➛③➟ó✇ t✇✐❡r❞③❡♥✐❡ ✭③♦❜✳❬●▲❪✮✳
❚✇✐❡r❞③❡♥✐❡ ✷✳✶✳ ❉✇❛ ✇➛③➟② s→ ró✇♥♦✇❛➺♥❡ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② ✐❝❤ ❞♦♣❡➟✲♥✐❡♥✐❛ s→ ❤♦♠❡♦♠♦r✜❝③♥❡✳

◆✐❡st❡t②✱ ♣♦✇②➺s③❡ t✇✐❡r❞③❡♥✐❡ ♥✐❡ ❥❡st ♣r❛✇❞③✐✇❡ ❞❧❛ s♣❧♦tó✇✳ ◆❛st➛♣✉❥→❝❡ ❞✇❛s♣❧♦t② ♥✐❡ s→ ró✇♥♦✇❛➺♥❡✱ ❧❡❝③ ♠❛❥→ ❤♦♠❡♦♠♦r✜❝③♥❡ ❞♦♣❡➟♥✐❡♥✐❛ ❬❘❪✱ str✳ ✹✾✳

❙➟❛❜s③②♠ ♥✐❡③♠✐❡♥♥✐❦✐❡♠ ✇➛③➟ó✇ ✭s♣❧♦tó✇✮ ❥❡st ❣r✉♣❛ ♣♦❞st❛✇♦✇❛ ❞♦♣❡➟♥✐❡♥✐❛✇➛③➟❛ ✭s♣❧♦t✉✮✳ ❖③♥❛❝③❛♠② ❥→ ✙✭❲ ✮ ✐ ♥❛③②✇❛♠② ❣r✉♣→ ✇➛③➟❛ ✭s♣❧♦t✉✮✿ ❩❛t❡♠
✙✭❲ ✮ ✿❂ ✙✶✭❘✸ ♥❲ ❀ ✄✮❀

❣❞③✐❡ ✄ ❥❡st ❞♦✇♦❧♥②♠ ♣✉♥❦t❡♠ ❞♦♣❡➟♥✐❡♥✐❛ ✇➛③➟❛ ✭s♣❧♦t✉✮✳ P♦♥✐❡✇❛➺ ❘✸ ♥❲ ❥❡st③❜✐♦r❡♠ ➟✉❦♦✇♦ s♣ó❥♥②♠✱ ✇✐➛❝ ③ ❞♦❦➟❛❞♥♦➧❝✐→ ❞♦ ✐③♦♠♦r✜③♠✉ ❞❡✜♥✐❝❥❛ t❛ ♥✐❡ ③❛❧❡➺②♦❞ ✇②❜♦r✉ ♣✉♥❦t✉ ✄✿ ●r✉♣❛ ✇➛③➟❛ ✭s♣❧♦t✉✮ ♥✐❡ ❥❡st ③✉♣❡➟♥②♠ ♥✐❡③♠✐❡♥♥✐❦✐❡♠ ✇➛③➟❛✭s♣❧♦t✉✮✳ ■st♥✐❡❥→ ✇➛③➟② ♠❛❥→❝❡ ✐③♦♠♦r✜❝③♥❡ ❣r✉♣② ❧❡❝③ ♥✐❡ ❜➛❞→❝❡ ró✇♥♦✇❛➺♥②♠✐✭③♦❜✳ ❬❈❋❪✱❱■■■✱ ✹✳✽✮✳■st♥✐❡❥→ ♦❣ó❧♥❡ ♠❡t♦❞② ✇②③♥❛❝③❛♥✐❛ ❣r✉♣② ✇➛③➟❛ ✭s♣❧♦t✉✮ ♣♦♣r③❡③ ♣♦❞❛♥✐❡ ❣❡✲♥❡r❛t♦ró✇ t❡❥ ❣r✉♣② ✐ r❡❧❛❝❥✐ ♠✐➛❞③② ♥✐♠✐ ✭♥♣✳ ♠❡t♦❞❛ ❲✐rt✐♥❣❡r❛✱ ③♦❜ ♥♣✳ ❬❉❪✱❬❈❋❪✮✳ P♦♥✐❡✇❛➺ ✇ ♣r③②♣❛❞❦✉ ✇➛③➟ó✇ ✭s♣❧♦tó✇✮ ③✇✐→③❛♥②❝❤ ③ ❦r③②✇②♠✐ ❛♥❛❧✐t②✲❝③♥②♠✐ ❜➛❞③✐❡♠② ❜❡③♣♦➧r❡❞♥✐♦ ✇②③♥❛❝③❛➣ ❣❡♥❡r❛t♦r② ✐ r❡❧❛❝❥❡ ♠✐➛❞③② ♥✐♠✐✱ ✇✐➛❝



✷✻ ❲❺❩❾❨ ❚❖❘❨❈❩◆❊ P■❊❘❲❙❩❊●❖ ❘❩❺❉❯
♥✐❡ ♣r③❡❞st❛✇✐❛♠② t②❝❤ ♠❡t♦❞✳ ❉❧❛ ✐❧✉str❛❝❥✐ ♣♦❞❛♠② t②❧❦♦ ❞✇❛ ró➺♥❡ ♣r③❡❞st❛✲✇✐❡♥✐❛ ❣r✉♣② t❡❣♦ s❛♠❡❣♦ ✇➛③➟❛ ✲ ❦♦♥✐❝③②♥❦✐✿
Pr③②❦➟❛❞ ✷✳✷✳ ■ ♣r③❡❞st❛✇✐❡♥✐❡ ❣r✉♣② ✇➛③➟❛ ❦♦♥✐❝③②♥❦✐ ❲✿ ▼❛♠②

✙✭❲ ✮ ❂ ❋✭①❀ ②✮❂ �①②①②�✶①�✶②�✶✁
❣❞③✐❡ ①❀ ② s→ ♣➛t❧❛♠✐ ♣r③❡❞st❛✇✐♦♥②♠✐ ♥❛ r②s✉♥❦✉

❛ ❋✭①❀ ②✮ ♦③♥❛❝③❛ ❣r✉♣➛ ✇♦❧♥→ ✭♥✐❡❛❜❡❧♦✇→✮ ❣❡♥❡r♦✇❛♥→ ♣r③❡③ ❞✇❛ ❡❧❡♠❡♥t② ①❀ ②✱❛ �①②①②�✶①�✶②�✶✁ ♦③♥❛❝③❛ ♥❛❥♠♥✐❡❥s③② ❞③✐❡❧♥✐❦ ♥♦r♠❛❧♥② ✇ ❋✭①❀ ②✮ ③❛✇✐❡r❛❥→❝②①②①②�✶①�✶②�✶✿
Pr③②❦➟❛❞ ✷✳✸✳ ■■ ♣r③❡❞st❛✇✐❡♥✐❡ ❣r✉♣② ✇➛③➟❛ ❦♦♥✐❝③②♥❦✐ ❲✿ ▼❛♠② ró✇♥✐❡➺

✙✭❲ ✮ ❂ ❋✭①❀ ②✮❂ �①✷②�✸✁
❣❞③✐❡ ①❀ ② s→ ♣➛t❧❛♠✐ ♣r③❡❞st❛✇✐♦♥②♠✐ ♥❛ r②s✉♥❦✉✳

▼✐♠♦✱ ➺❡ ❣r✉♣❛ ✇➛③➟❛ ✭s♣❧♦t✉✮ ♥✐❡ ❥❡st ③✉♣❡➟♥②♠ ♥✐❡③♠✐❡♥♥✐❦✐❡♠ ✇➛③➟❛✱ ❥❡❞♥❛❦✇ ♣r③②♣❛❞❦✉ ❦❧❛s② ✇➛③➟ó✇ ♦❞♣♦✇✐❛❞❛❥❛❝②❝❤ ❦r③②✇②♠ ❛♥❛❧✐t②❝③♥②♠ ❧♦❦❛❧♥②♠ ❥❡stt❛❦✐♠ ♥✐❡③♠✐❡♥♥✐❦✐❡♠✳ P♦♥✐❡✇❛➺ ❣r✉♣② t❡ s→ ♥❛❞❛❧ tr✉❞♥❡ ❞♦ ♦❞ró➺♥✐❡♥✐❛ ✭t③♥✳tr✉❞♥♦ r♦③str③②❣♥→➣ ♥❛ ♣♦❞st❛✇✐❡ ③♥❛❥♦♠♦➧❝✐ ❣❡♥❡r❛t♦ró✇ ✐ r❡❧❛❝❥✐ ❝③② ❞❛♥❡ ❞✇✐❡❣r✉♣② s→ ❝③② ♥✐❡ s→ ✐③♦♠♦r✜❝③♥❡✮✱ ✇✐➛❝ r♦③✇❛➺②♠② ❥❡s③❝③❡ s➟❛❜s③② ♥✐❡③♠✐❡♥♥✐❦✇➛③➟ó✇ ✲ ✇✐❡❧♦♠✐❛♥ ❆❧❡❦s❛♥❞❡r❛ ✇➛③➟❛✳ ❏❡❣♦ ❞❡✜♥✐❝❥❛ ❥❡st ♥❛st➛♣✉❥→❝❛✳❖③♥❛❝③♠② ♣r③❡③ ❋ ❂ ❋✭①✶❀ ✿ ✿ ✿ ❀ ①♥✮ ❣r✉♣➛ ✇♦❧♥→ ♦ ♥ ❣❡♥❡r❛t♦r❛❝❤ ①✶❀ ✿ ✿ ✿ ❀ ①♥✿◆✐❡❝❤● ❂ ❋✭①✶❀ ✿ ✿ ✿ ❀ ①♥✮❂ ✭r✶❀ ✿ ✿ ✿ ❀ r♠✮ ❜➛❞③✐❡ ❞♦✇♦❧♥→ ❣r✉♣→ ♦ ❣❡♥❡r❛t♦r❛❝❤ ①✶❀ ✿ ✿ ✿ ❀①♥ ✐ r❡❧❛❝❥❛❝❤ r✶❀ ✿ ✿ ✿ ❀ r♠ ✷ ❋✭①✶❀ ✿ ✿ ✿ ❀ ①♥✮ ✭♣r③❡③ ✭r✶❀ ✿ ✿ ✿ ❀ r♠✮ ♦③♥❛❝③②❧✐➧♠② ♥❛❥✲♠♥✐❡❥s③② ❞③✐❡❧♥✐❦ ♥♦r♠❛❧♥② ✇ ❣r✉♣✐❡ ❋✭①✶❀ ✿ ✿ ✿ ❀ ①♥✮ ③❛✇✐❡r❛❥→❝② ❡❧❡♠❡♥t② r✶❀ ✿ ✿ ✿ ❀r♠✮✿ ❉♦❞❛❥→❝ tr②✇✐❛❧♥❡ r❡❧❛❝❥❡ ♥♣✳ ①✶①�✶✶ ♠♦➺❡♠② ③❛➟♦➺②➣✱ ➺❡ ♠ ✕ ♥ � ✶✿
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❲ ♣✐❡r➧❝✐❡♥✐✉ ❣r✉♣♦✇②♠ ❩❬❋ ❪ ❞❡✜♥✐✉❥❡♠② ❢♦r♠❛❧♥❡ ró➺♥✐❝③❦♦✇❛♥✐❡✳ ❖❦r❡➧❧❛♠②❥❡ ♥❛❥♣✐❡r✇ ♥❛ ❡❧❡♠❡♥t❛❝❤ ❋ ✚ ❩❬❋ ❪❀ ❛ ♥❛st➛♣♥✐❡ ♣r③❡❞➟✉➺❛♠② ✇ ♥❛t✉r❛❧♥② s♣♦só❜♥❛ ❝❛➟② ♣✐❡r➧❝✐❡➠ ❩❬❋ ❪✿ ❉❧❛ ❞♦✇♦❧♥❡❣♦ ❡❧❡♠❡♥t✉ ❣ ✷ ❋ ③❛♣✐s✉❥❡♠② ❣♦ ✇ ♥❛st➛♣✉❥→❝②s♣♦só❜

❣ ❂ ①✧✶✐✶ ✿ ✿ ✿ ①✧❦✐❦ ❀ ✧❥ ❂ ✝✶❀
✐ ♥❛st➛♣♥✐❡ ❞❡✜♥✐✉❥❡♠②
❅❣❅①❥ ✿❂ ✧✶✍❥✐✶①✭✧✶�✶✮❂✷✐✶ ✰①✧✶✐✶ ✧✷✍❥✐✷①✭✧✷�✶✮❂✷✐✷ ✰✿ ✿ ✿✰①✧✶✐✶ ✿ ✿ ✿ ①✧❦�✶✐❦�✶ ✧❦✍❥✐❦①✭✧❦�✶✮❂✷✐✷ ✷ ❩❬●❪✿
❲ s③❝③❡❣ó❧♥♦➧❝✐ ❅ �①①�✶✁

❅① ❂ ✶� ①①�✶ ❂ ✵❀
❝♦ ❞♦✇♦❞③✐ ♣♦♣r❛✇♥♦➧❝✐ ♦❦r❡➧❧❡♥✐❛ ❢♦r♠❛❧♥❡❣♦ ró➺♥✐❝③❦♦✇❛♥✐❛✳ ❉❧❛ ✐❧✉str❛❝❥✐ r♦③✇❛✲➺♠② ♥❛st➛♣✉❥→❝❡ ✇❛➺♥❡ ♣r③②❦➟❛❞②✳
Pr③②❦➟❛❞ ✷✳✹✳ ❲ ❋✭①❀ ②✮ ❞❧❛ ♥❀♠ ✷ ◆ ♠❛♠②✿✶✳ ❏❡➧❧✐ ❣ ❂ ①♥❀ t♦ ❅❣❅① ❂ ✶ ✰ ①✰ ✿ ✿ ✿✰ ①♥�✶ ❂ ①♥�✶①�✶ ✿✷✳ ❏❡➧❧✐ ❣ ❂ ②�♠❀ t♦ ❅❣❅② ❂ �②�✶ � ②�✷ � ✿ ✿ ✿� ②�♠ ❂ �②�♠ ②♠�✶②�✶ ❂ ②�♠�✶②�✶ ✿✸✳ ❏❡➧❧✐ ❣ ❂ ①♥②�♠❀ t♦

❅❣❅① ❂ ✶ ✰ ①✰ ✿ ✿ ✿✰ ①♥�✶ ❂ ①♥ � ✶①� ✶ ❀
❅❣❅② ❂ �①♥②�✶ � ①♥②�✷ � ✿ ✿ ✿� ①♥②�♠ ❂ �①♥②�♠ ②♠ � ✶② � ✶ ❂ �❣ ②♠ � ✶② � ✶ ✿

❉❧❛ ❣r✉♣② ● ❂ ❋✭①✶❀ ✿ ✿ ✿ ❀ ①♥✮❂ ✭r✶❀ ✿ ✿ ✿ ❀ r♠✮ ❀ ♠ ✕ ♥ � ✶❀ ♦❦r❡➧❧❛♠② ♠❛❝✐❡r③ ♦✇②r❛③❛❝❤ ✇ ❩❬❋ ❪
▼● ✿❂

✷
✹ ❅r✶❅①✶ ✿ ✿ ✿ ❅r✶❅①♥✿ ✿ ✿ ✿ ✿ ✿ ✿ ✿ ✿❅r♠❅①✶ ✿ ✿ ✿ ❅r♠❅①♥

✸
✺

Pr③②❦➟❛❞ ✷✳✺✳ ◆✐❡❝❤ ● ❂ ❋✭①❀ ②✮❂ �①✷②�✸✁ ✿ ❲t❡❞② ▼● ❥❡st ♠❛❝✐❡r③→ ✶✂ ✷✿
▼● ❂ ✂✶ ✰ ①❀ ①✷✭�②�✶ � ②�✷ � ②�✸✮✄ ❂ ✔①✷ � ✶①� ✶ ❀ �①✷②�✸ ②✸ � ✶② � ✶

✕ ✿
P♦♥✐❡✇❛➺ ❜➛❞③✐❡♠② ✉➺②✇❛➣ ♠✐♥♦ró✇ ♠❛❝✐❡r③② ▼●✱ ❛ ✇②③♥❛❝③♥✐❦✐ ♠❛❥→ ✧❞♦❜r❡✇➟❛s♥♦➧❝✐ ✧ ✇ ♣✐❡r➧❝✐❡♥✐❛❝❤ ♣r③❡♠✐❡♥♥②❝❤✱ ✇✐➛❝ ❞♦❦♦♥✉❥❡♠② ❛❜❡❧✐❛♥✐③❛❝❥✐ ❣r✉♣② ●❀t③♥✳ ❞③✐❡❧✐♠② ❣r✉♣➛ ● ♣r③❡③ ❥❡❥ ❦♦♠✉t❛t♦r ❬● ✿ ●❪ ✿❂ ✭①②①�✶②�✶ ✿ ①❀ ② ✷ ●✮ ✚ ❋ ✿❖tr③②♠✉❥❡♠② ❣r✉♣➛ ❛❜❡❧♦✇→

●✵ ✿❂ ●❂❬● ✿ ●❪
✐ ♦❞♣♦✇✐❛❞❛❥→❝② ❥❡❥ ♣✐❡r➧❝✐❡➠ ❣r✉♣♦✇② ❩❬●✵❪❀ ♦❝③②✇✐➧❝✐❡ ♣r③❡♠✐❡♥♥②✳❲ ♣r③②♣❛❞❦✉✱ ❣❞② ● ❂ ✙✭❲ ✮ ❂ ❋✭①✶❀ ✿ ✿ ✿ ❀ ①♥✮❂ ✭r✶❀ ✿ ✿ ✿ ❀ r♠✮ ❥❡st ❣r✉♣→ ✇➛③➟❛❲❀ t♦ ❣r✉♣❛ ❛❜❡❧♦✇❛ ●✵ ❥❡st ✐③♦♠♦r✜❝③♥❛ ③ ❩ ✐ ❥❡❥ ❣❡♥❡r❛t♦r❡♠ ❥❡st ❦❛➺❞❛ ♣➛t❧❛



✷✽ ❲❺❩❾❨ ❚❖❘❨❈❩◆❊ P■❊❘❲❙❩❊●❖ ❘❩❺❉❯
♦❜❡❥♠✉❥→❝❛ ❥❡❞♥→ ♥✐➣ ✇➛③➟❛✱ ♥♣✳ ✇ ♣r③②♣❛❞❦✉ ❦♦♥✐❝③②♥❦✐ s→ t❛❦✐♠✐ ♥❛st➛♣✉❥→❝❡

❲②♥✐❦❛ t♦ ③ ♣❡✇♥②❝❤ ❢❛❦tó✇ t♦♣♦❧♦❣✐✐ ❛❧❣❡❜r❛✐❝③♥❡❥✳ ❏❛❦ ✇✐❛❞♦♠♦ ❛❜❡❧✐❛♥✐③❛❝❥❛❣r✉♣② ♣♦❞st❛✇♦✇❡❥ ✙✶✭❳✮ ✧❞♦❜r❡❥✧ ♣r③❡str③❡♥✐ t♦♣♦❧♦❣✐❝③♥❡❥ ❳ ✭♥♣✳ r♦③♠❛✐t♦➧❝✐t♦♣♦❧♦❣✐❝③♥❡❥✱ ❛ t❛❦→ ❥❡st ❞♦♣❡➟♥✐❡♥✐❡ ✇➛③➟❛✮ ❥❡st ✐③♦♠♦r✜❝③♥❛ ③ ♣✐❡r✇s③→ ❣r✉♣→❤♦♠♦❧♦❣✐✐ ❳❀ t③♥✳
✙✶✭❳✮✵ ❂ ✙✶✭❳✮❂❬✙✶✭❳✮ ✿ ✙✶✭❳✮❪ ✘❂ ❍✶✭❳❀❩✮✿

❲ ♣r③②♣❛❞❦✉✱ ❣❞② ❳ ❂ ❘✸ ♥ ❲ ❥❡st ❞♦♣❡➟♥✐❡♥✐❡♠ ✇➛③➟❛✱ t♦ ♠♦➺♥❛ ♥✐❡tr✉❞♥♦✇②❦❛③❛➣✱ ➺❡ ❍✶✭❘✸ ♥❲❀❩✮ ✘❂ ❩✿ ❲②♥✐❦❛ t♦ ró✇♥✐❡➺ ❞✉❛❧♥♦➧❝✐ ❆❧❡❦s❛♥❞❡r❛
❍✶✭❘✸ ♥❲❀❩✮ ✘❂ ❍✶✭❲❀❩✮ ✘❂ ❍✶✭❙✶❀❩✮ ✘❂ ❩✿

❩❛t❡♠ ✇ ♣r③②♣❛❞❦✉ ● ❂ ✙✭❲ ✮❀ ✇②❜✐❡r❛❥→❝ ❥❡❞❡♥ ③ ❣❡♥❡r❛t♦ró✇ ●✵ ♦tr③②♠✉❥❡♠②❞❧❛ ♣✐❡r➧❝✐❡♥✐❛ ❣r✉♣♦✇❡❣♦ ❩❬●✵❪ ✐③♦♠♦r✜③♠
❩❬●✵❪ ✘❂ ❩❬❩❪

❆❧❡ ♣✐❡r➧❝✐❡➠ ❣r✉♣♦✇② ❩❬❩❪ ❥❡st ✐③♦♠♦r✜❝③♥② ③ ♣✐❡r➧❝✐❡♥✐❡♠ ✇✐❡❧♦♠✐❛♥ó✇ ▲❛✉✲r❡♥t❛ ❩❬t❀ t�✶❪✿ ◆✐❡tr✉❞♥♦ ✇②❦❛③❛➣✱ ➺❡ ❩❬t❀ t�✶❪ ♠❛ ♥❛st➛♣✉❥→❝❡ ✇➟❛s♥♦➧❝✐✳
❲➟❛s♥♦➧➣ ✷✳✻✳ ✶✳ ❏❡❞②♥②♠✐ ❡❧❡♠❡♥t❛♠✐ ♦❞✇r❛❝❛❧♥②♠✐ ✇ ❩❬t❀ t�✶❪ s→ ♣♦t➛❣✐ ✝t♥❀♥ ✷ ❩✿✷✳ ❑❛➺❞② ❡❧❡♠❡♥t ❆✭t✮ ✷ ❩❬t❀ t�✶❪ ♠❛ ❥❡❞♥♦③♥❛❝③♥❡ ♣r③❡❞st❛✇✐❡♥✐❡ ✇ ♣♦st❛❝✐

❆✭t✮ ❂ t♥ ❡❆✭t✮❀ ❣❞③✐❡ ♥ ✷ ❩ ✐ ❡❆✭t✮ ✷ ❩❬t❪❀ ❡❆✭✵✮ ✻❂ ✵✿
✸✳ ❲✐❡❧♦♠✐❛♥ ❆✭t✮ ✷ ❩❬t❪ ❥❡st ♥✐❡r♦③❦➟❛❞❛❧♥② ✇ ❩❬t❪ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② ❥❡st♥✐❡r♦③❦➟❛❞❛❧♥② ✇ ❩❬t❀ t�✶❪✿✹✳ P✐❡r➧❝✐❡➠ ❩❬t❀ t�✶❪ ❥❡st ♣✐❡r➧❝✐❡♥✐❡♠ ③ ❥❡❞♥♦③♥❛❝③♥♦➧❝✐→ r♦③❦➟❛❞✉✳
P♦ r♦③s③❡r③❡♥✐✉ ❦❛♥♦♥✐❝③♥②❝❤ ❤♦♠♦♠♦r✜③♠ó✇ ❋ ✦ ● ✦ ●✵ ✦ ❩ ❞♦ ❤♦♠♦✲♠♦r✜③♠ó✇ ♣✐❡r➧❝✐❡♥✐ ❣r✉♣♦✇②❝❤ ❩❬❋ ❪✦ ❩❬●❪✦ ❩❬●✵❪ ✦ ❩❬❩❪✦ ❩❬t❀ t�✶❪ ♦r❛③③❛st♦s♦✇❛♥✐✉ t❡❣♦ ♦st❛t♥✐❡❣♦ ❝✐→❣✉ ❤♦♠♦♠♦r✜③♠ó✇ ❞♦ ❡❧❡♠❡♥tó✇ ♠❛❝✐❡r③② ▼●♦tr③②♠❛♠② ♠❛❝✐❡r③

▼ ✵● ✿❂
✷
✹ ❆✶✶✭t✮ ✿ ✿ ✿ ❆✶♥✭t✮✿ ✿ ✿ ✿ ✿ ✿ ✿ ✿ ✿❆♠✶✭t✮ ✿ ✿ ✿ ❆♠♥✭t✮

✸
✺



❲❺❩❾❨ ❚❖❘❨❈❩◆❊ P■❊❘❲❙❩❊●❖ ❘❩❺❉❯ ✷✾
♦ ❡❧❡♠❡♥t❛❝❤ ❜➛❞→❝②❝❤ ✇✐❡❧♦♠✐❛♥❛♠✐ ▲❛✉r❡♥t❛✳ ◆❛③②✇❛♠② ❥→ ♠❛❝✐❡r③→ ❆❧❡❦✲s❛♥❞❡r❛ ●✿▼❛❝✐❡r③ t❛ ♠❛ ♣♦❞st❛✇♦✇❡ ③♥❛❝③❡♥✐❡ ✇ t❡♦r✐✐ ✇➛③➟ó✇ ♥❛ ♠♦❝② ♥❛st➛♣✉✲❥→❝❡❣♦ t✇✐❡r❞③❡♥✐❛ ✭③♦❜✳ ❬❈❋❪✱ ❘♦③❞③✐❛➟ ❱■■✮✳
❚✇✐❡r❞③❡♥✐❡ ✷✳✼✳ ■❞❡❛➟ ❊ ✚ ❩❬t❀ t�✶❪ ❣❡♥❡r♦✇❛♥② ♣r③❡③ ♠✐♥♦r② st♦♣♥✐❛ ♥ � ✶♠❛❝✐❡r③② ▼ ✵● ♥✐❡ ③❛❧❡➺② ♦❞ ✇②❜♦r✉ ❣❡♥❡r❛t♦ró✇ ①✶❀ ✿ ✿ ✿ ❀ ①♥ ✐ r❡❧❛❝❥✐ r✶❀ ✿ ✿ ✿ ❀ r♠ ❣r✉♣②●❀ ❝③②❧✐ ③❛❧❡➺② t②❧❦♦ ♦❞ ❣r✉♣② ●✿
❯✇❛❣❛ ✷✳✽✳ Pr❛✇❞③✐✇❡ ❥❡st ③♥❛❝③♥✐❡ ♦❣ó❧♥✐❡❥s③❡ t✇✐❡r❞③❡♥✐❡✳ ■❞❡❛➟② ❊❦ ✚ ❩❬t❀ t�✶❪❣❡♥❡r♦✇❛♥❡ ♣r③❡③ ♠✐♥♦r② st♦♣♥✐ ♥ � ❦ ♠❛❝✐❡r③② ▼ ✵● ❞❧❛ ❦ ❂ ✶❀ ✿ ✿ ✿ ❀ ♥ � ✶ ✭③✇❛♥❡✐❞❡❛➟❛♠✐ ❡❧❡♠❡♥t❛r♥②♠✐ ♠❛❝✐❡r③② ▼ ✵●✮ ró✇♥✐❡➺ ♥✐❡ ③❛❧❡➺→ ♦❞ ✇②❜♦r✉ ❣❡♥❡r❛t♦ró✇①✶❀ ✿ ✿ ✿ ❀ ①♥ ✐ r❡❧❛❝❥✐ r✶❀ ✿ ✿ ✿ ❀ r♠ ❣r✉♣② ●✿ ❩❛✉✇❛➺♠②✱ ➺❡ ❊✶ ❂ ❊✿

P♦♥✐❡✇❛➺ ✐❞❡❛➟② ❡❧❡♠❡♥t❛r♥❡ ❊❦❀ ❦ ❂ ✶❀ ✿ ✿ ✿ ❀ ♥ � ✶❀ s→ ró✇♥✐❡➺ tr✉❞♥❡ ❞♦ ✇②③✲♥❛❝③❡♥✐❛✱ ✇✐➛❝ r♦③✇❛➺❛ s✐➛ ❥❡s③❝③❡ s➟❛❜s③❡ ♥✐❡③♠✐❡♥♥✐❦✐ ✇➛③➟ó✇✳ ▼✐❛♥♦✇✐❝✐❡✱ ♥❛✲❥✇✐➛❦s③❡ ✇s♣ó❧♥❡ ❞③✐❡❧♥✐❦✐ ♠✐♥♦ró✇ st♦♣♥✐ ♥�❦ ♠❛❝✐❡r③② ▼ ✵● ❞❧❛ ❦ ❂ ✶❀ ✿ ✿ ✿ ❀ ♥�✶✳❙→ t♦ ♣❡✇♥❡ ✇✐❡❧♦♠✐❛♥② ▲❛✉r❡♥t❛ ❆❦❀ ❦ ❂ ✶❀ ✿ ✿ ✿ ❀ ♥�✶✱ ✇②③♥❛❝③♦♥❡ ③ ❞♦❦➟❛❞♥♦➧❝✐→❞♦ ❡❧❡♠❡♥tó✇ ♦❞✇r❛❝❛❧♥②❝❤✱ ❝③②❧✐ ♣♦t➛❣ t♥❀ ♥ ✷ ❩✿ P✐❡r✇s③② ③ ♥✐❝❤ ❆✶ ♥❛③②✇❛♠②✇✐❡❧♦♠✐❛♥❡♠ ❆❧❡❦s❛♥❞❡r❛ ✇➛③➟❛ ❲ ✐ ♦③♥❛❝③❛♠② ❆❲ ✿ ❩❛t❡♠
❆❲ ✭t✮ ❂ ◆❲❉✭▼✶❀ ✿ ✿ ✿ ❀▼❦✮ ✷ ❩❬t❀ t�✶❪❀

❣❞③✐❡ ▼✶❀ ✿ ✿ ✿ ❀▼❦ s→ ♠✐♥♦r❛♠✐ st♦♣♥✐❛ ♥ � ✶ ♠❛❝✐❡r③② ▼ ✵●✿ P♦♥✐❡✇❛➺ ❆❲ ❥❡st♦❦r❡➧❧♦♥② ③ ❞♦❦➟❛❞♥♦➧❝✐→ ❞♦ ♣♦t➛❣ ✝t♥❀ ♥ ✷ ❩❀ ✇✐➛❝ ✇②❜✐❡r❛♠② ③❛✇s③❡ ❥❡❣♦ ③♥♦r✲♠❛❧✐③♦✇❛♥→ ♣♦st❛➣✱ t③♥✳ t❛❦✐✱ ❦tór② ❥❡st ③✇②❦➟②♠ ✇✐❡❧♦♠✐❛♥❡♠ ♦ ✇②r❛③✐❡ ✇♦❧♥②♠ró➺♥②♠ ♦❞ ③❡r❛ ✐ ♥❛❥✇②➺s③②♠ ✇s♣ó➟❝③②♥♥✐❦✉ ❞♦❞❛t♥✐♠✳ ❩❛t❡♠ ♦st❛t❡❝③♥✐❡
❆❲ ✭t✮ ✷ ❩❬t❪❀ ❆❲ ✭✵✮ ✻❂ ✵❀ ✐♥❆❲ ✭t✮ ❃ ✵✿

◆❛ ♣r③②❦➟❛❞ ③♥♦r♠❛❧✐③♦✇❛♥→ ♣♦st❛❝✐→ ✇✐❡❧♦♠✐❛♥✉ ▲❛✉r❡♥t❛ t�✷✰✷t�✶�✸t ❜➛❞③✐❡�✶� ✷t✰ ✸t✸✿❲♣r♦st ③ t✇✐❡r❞③❡♥✐❛ ✷✳✼ ♦tr③②♠✉❥❡♠②
❲➟❛s♥♦➧➣ ✷✳✾✳ ❏❡➧❧✐ ❞❧❛ ✇➛③➟ó✇ ❲✶ ✐ ❲✷ ♠❛♠② ✙✭❲✶✮ ✘❂ ✙✭❲✷✮❀ t♦ ❆❲✶ ❂ ❆❲✷ ✿
Pr③②❦➟❛❞ ✷✳✶✵✳ ❉❧❛ ✇➛③➟❛ ❦♦♥✐❝③②♥❦✐ ❲ ♠❛♠② ❞✇❛ ♣r③❡❞st❛✇✐❡♥✐❛ ❥❡❣♦ ❣r✉♣②✳■ ♣r③❡❞st❛✇✐❡♥✐❡✿ ✙✭❲ ✮ ❂ ❋✭①❀ ②✮❂ �①②①②�✶①�✶②�✶✁ ✿ ❲ t②♠ ♣r③②♣❛❞❦✉ ♠❛♠②

▼✙✭❲ ✮ ❂ ❬✶ ✰ ①② � ①②①②�✶①�✶❀ ①� ①②①②�✶ � ①②①②�✶①�✶②�✶❪
P♦♥✐❡✇❛➺ ❣❡♥❡r❛t♦r❡♠ ✙✭❲ ✮✵ ❂ ✙✭❲ ✮❂❬✙✭❲ ✮ ✿ ✙✭❲ ✮❪ ❥❡st ❦❧❛s❛ ❬①❪ ✭♠♦➺❡ t♦ ❜②➣ró✇♥✐❡➺ ❦❧❛s❛ ❬②❪ ❂ ❬①❪✮✱ ✇✐➛❝ ♦③♥❛❝③❛❥→❝ t ❂ ❬①❪ ♠❛♠②

▼ ✵✙✭❲ ✮ ❂ ❬✶ ✰ t✷ � t❀ t� t✷ � ✶❪✿
❙t→❞

❆❲ ✭t✮ ❂ t✷ � t✰ ✶ ❂ ✭t✻ � ✶✮✭t� ✶✮✭t✷ � ✶✮✭t✸ � ✶✮ ✿■■ ♣r③❡❞st❛✇✐❡♥✐❡✿ ✙✭❲ ✮ ❂ ❋✭①❀ ②✮❂ �①✷②�✸✁ ✿ ❲ t②♠ ♣r③②♣❛❞❦✉ ♠❛♠②
▼✙✭❲ ✮ ❂ ❬✶ ✰ ①❀ ①✷✭�②�✶ � ②�✷ � ②�✸✮❪
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❲ t②♠ ♣r③②♣❛❞❦✉ ❛♥✐ ❬①❪ ❛♥✐ ❬②❪ ♥✐❡ s→ ❣❡♥❡r❛t♦r❛♠✐ ✙✭❲ ✮✵✿ ❏❡➧❧✐ ✇②❜✐❡r③❡♠② ❥❛❦♦❣❡♥❡r❛t♦r ♣➛t❧➛ ① ③ ♣♦♣r③❡❞♥✐❡❣♦ ♣r③❡❞st❛✇✐❡♥✐❛ ✭❞❧❛ ♦❞ró➺♥✐❡♥✐❛ ♦③♥❛❝③♠② ❥→ ♣r③❡③❡① ✐ ♣r③②❥♠✐❡♠② ❥❛❦ ♣♦♣r③❡❞♥✐♦ t ❂ ❬❡①❪✮❀ t♦ ❬①❪ ❂ t✸ ✐ ❬②❪ ❂ t✷✿ ❲t❡❞②

▼ ✵✙✭❲ ✮ ❂ ❬✶ ✰ t✸❀ �t✹ � t✷ � ✶❪ ❂ ✔ t✻ � ✶t✸ � ✶ ❀ � t✻ � ✶t✷ � ✶
✕ ✿

❙t→❞
❆❲ ✭t✮ ❂ ✭t✻ � ✶✮✭t� ✶✮✭t✷ � ✶✮✭t✸ � ✶✮ ❂ t✷ � t✰ ✶✿

✸✳ ❲➛③➟② t♦r②❝③♥❡ ♣✐❡r✇s③❡❣♦ r③➛❞✉
❲ t②♠ ♣❛r❛❣r❛✜❡ ♦♠ó✇✐♠② s③❝③❡❣ó❧♥② t②♣ ✇➛③➟ó✇✱ t③✇✳ ✇➛③➟② t♦r②❝③♥❡✱ ③✇✐→③❛✲♥❡ ③ ♦s♦❜❧✐✇♦➧❝✐❛♠✐ ❦r③②✇②❝❤✳ ❩❛❝③♥✐❡♠② ♦❞ ♥❛❥♣r♦sts③②❝❤ ③ ♥✐❝❤ ✕ ✇➛③➟ó✇ t♦✲r②❝③♥②❝❤ ♣✐❡r✇s③❡❣♦ r③➛❞✉✳Pr③❡③ ❚ ✐ ❚ ♦③♥❛❝③❛♠② t♦r✉s ✐ ♣❡➟♥② t♦r✉s ✇ ❈✷ ♦❦r❡➧❧♦♥❡ ♥❛st➛♣✉❥→❝♦

❚ ✿❂ ❢✭①❀ ②✮ ✷ ❈✷ ✿ ❥①❥ ❂ ✶❀ ❥②❥ ❂ ✶❣
❂ ❢✭①❀ ②✮ ✷ ❈✷ ✿ ① ❂ ❡✷✙✐✑❀ ② ❂ ❡✷✙✐✒❀ ✵ ✔ ✑❀ ✒ ✔ ✶❣❀ ❀

❚ ✿❂ ❢✭①❀ ②✮ ✷ ❈✷ ✿ ❥①❥ ❂ ✶❀ ❥②❥ ✔ ✶❣
❂ ❢✭①❀ ②✮ ✷ ❈✷ ✿ ① ❂ ❡✷✙✐✑❀ ② ❂ r❡✷✙✐✒❀ ✵ ✔ ✑❀ ✒ ✔ ✶❀ ✵ ✔ r ✔ ✶❣✿

❩❛ró✇♥♦ ❚ ❥❛❦ ✐ ❚ ❧❡➺→ ✇ ❜r③❡❣✉ ❅P ♣♦❧✐❝②❧✐♥❞r❛ P ❂ ❢✭①❀ ②✮ ✷ ❈✷ ✿ ❥①❥ ✔ ✶❀❥②❥ ✔ ✶❣✿ P♦♥✐❡✇❛➺ ❅P ❥❡st ❤♦♠❡♦♠♦r✜❝③♥❡ ③ ❙✸ ✭③♦❜✳ ❞❛❧❡❥✮✱ ✇✐➛❝ ❦❛➺❞② ✇➛③❡➟ ✇❚ ❧✉❜ ✇ ❚ ♠♦➺❡ ❜②➣ r♦③✇❛➺❛♥② ❥❛❦♦ ✇➛③❡➟ ✇ ❙✸✿ ❏❡❞♥❛❦ ③❛❧❡➺② t♦ ♦❞ ✇②❜r❛♥❡❣♦❤♦♠❡♦♠♦r✜③♠✉ ❅P ③ ❙✸✿ ❉❧❛ ❦♦♥❦r❡t♥②❝❤ ♦❜❧✐❝③❡➠ ✐ ❣r❛✜❝③♥❡❣♦ ♣r③❡❞st❛✇✐❡♥✐❛✇②❜✐❡r③❡♠② t❛❦✐✱ ➺❡ ♣♦♣r③❡③ t❡♥ ❤♦♠❡♦♠♦r✜③♠ ❚ ✐ ❚ ♣r③❡❥❞→ ♥❛ st❛♥❞❛r❞♦✇② t♦r✉s❚ st ✐ st❛♥❞❛r❞♦✇② ♣❡➟♥② t♦r✉s ❚st ♦❦r❡➧❧♦♥❡ ♣❛r❛♠❡tr②❝③♥✐❡ ✇ ❘✸ ♥❛st➛♣✉❥→❝♦①✶ ❂ ✭✷ ✰ ❝♦s ✷✙✒✮ ❝♦s ✷✙✑❀❚ st ✿ ①✷ ❂ ✭✷ ✰ ❝♦s ✷✙✒✮ s✐♥ ✷✙✑❀ ✵ ✔ ✑❀ ✒ ✔ ✶①✸ ❂ s✐♥ ✷✙✒
①✶ ❂ ✭✷ ✰ r ❝♦s ✷✙✒✮ ❝♦s ✷✙✑❀❚st ✿ ①✷ ❂ ✭✷ ✰ r ❝♦s ✷✙✒✮ s✐♥ ✷✙✑❀ ✵ ✔ ✑❀ ✒ ✔ ✶❀ ✵ ✔ r ✔ ✶①✸ ❂ r s✐♥ ✷✙✒
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❖❞✇③♦r♦✇❛♥✐❡

❋ ✿ ❅P ✦ ❙✸ ❂ ❘✸ ❬ ❢✶❣
♦❦r❡➧❧✐♠② ♦❞❞③✐❡❧♥✐❡ ♥❛ ✭❅P ✮✶ ✐ ♥❛ ✭❅P ✮✷❀ ❣❞③✐❡ ❅P ❂ ✭❅P ✮✶ ❬ ✭❅P ✮✷ ♦r❛③

✭❅P ✮✶ ❂ ❢✭①❀ ②✮ ✷ ❈✷ ✿ ❥①❥ ❂ ✶❀ ❥②❥ ✔ ✶❣
❂ ❢✭①❀ ②✮ ✷ ❈✷ ✿ ① ❂ ❡✷✙✐✑❀ ② ❂ r❡✷✙✐✒❀ ✵ ✔ ✑❀ ✒ ✔ ✶❀ ✵ ✔ r ✔ ✶❣❀

✭❅P ✮✷ ❂ ❢✭①❀ ②✮ ✷ ❈✷ ✿ ❥①❥ ✔ ✶❀ ❥②❥ ❂ ✶❣
❂ ❢✭①❀ ②✮ ✷ ❈✷ ✿ ① ❂ r❡✷✙✐✑❀ ② ❂ ❡✷✙✐✒❀ ✵ ✔ ✑❀ ✒ ✔ ✶❀ ✵ ✔ r ✔ ✶❣❀

◆❛ ✭❅P ✮✶ ❤♦♠❡♦♠♦r✜③♠ ❋ ♦❦r❡➧❧❛♠② ✇③♦r❡♠
❋ ❥✭❅P ✮✶✭❡✷✙✐✑❀ r❡✷✙✐✒✮ ✿❂ ✭✭✷ ✰ r ❝♦s ✷✙✒✮ ❝♦s ✷✙✑❀ ✭✷ ✰ r ❝♦s ✷✙✒✮ s✐♥ ✷✙✑❀ r s✐♥ ✷✙✒✮ ❀✵ ✔ ✑❀ ✒ ✔ ✶❀ ✵ ✔ r ✔ ✶✿
Pr③❡❦s③t❛➟❝❛ ♦♥ ✭❅P ✮✶ ❂ ❚ ♥❛ st❛♥❞❛r❞♦✇② ♣❡➟♥② t♦r✉s ❚st✿❖❦r❡➧❧✐♠② t❡r❛③ ❋ ♥❛ ✭❅P ✮✷✳ ▼❛ ♦♥ ♣r③❡❦s③t❛➟❝❛➣ ✭❅P ✮✷ ♥❛ ③❡✇♥➛tr③❡ ♣❡➟♥❡❣♦t♦r✉s❛ ✇ ❘✸ ❬ ❢✶❣✳ ❖❦r❡➧❧✐♠② ❤♦♠❡♦♠♦r✜③♠ ♦❞✇r♦t♥②

�❋ ❥✭❅P ✮✷✁�✶ ✿ ❘✸ ❬ ❢✶❣ ♥ ■♥t✭❚st✮✦ ✭❅P ✮✷✿
❲②st❛r❝③② ③❞❡✜♥✐♦✇❛➣ �❋ ❥✭❅P ✮✷✁�✶ ♥❛ ❝✐➛❝✐❛❝❤ ③❜✐♦r✉ ❘✸❬❢✶❣♥■♥t✭❚st✮ ♣➟❛s③❝③②✲③♥❛♠✐ P✑ ♣r③❡❝❤♦❞③→❝②♠✐ ♣r③❡③ ♦➧ ✵③



✸✷ ❲❺❩❾❨ ❚❖❘❨❈❩◆❊ P■❊❘❲❙❩❊●❖ ❘❩❺❉❯
t❛❦ ❜② ❝✐➛❝✐❛ t❡✱ ❜➛❞→❝❡ ♣➟❛s③❝③②③♥❛♠✐ ③ ✉s✉♥✐➛t②♠✐ ❞✇♦♠❛ ❦♦➟❛♠✐✱ ♣r③❡❝❤♦❞③✐➟②♥❛ ✐❧♦❝③②♥② ❦❛rt❡③❥❛➠s❦✐❡ ♦❞❝✐♥❦ó✇ ❬❡✷✙✐✑❀�❡✷✙✐✑❪ ♥❛ ♣➟❛s③❝③②➵♥✐❡ ❈

③ ♦❦r➛❣✐❡♠ ❥❡❞♥♦st❦♦✇②♠✱ ❝③②❧✐ ♥❛ ❞♦✇♦❧♥② ♣✐❡r➧❝✐❡➠✳ ❲ ♣➟❛s③❝③②➵♥✐❡ P✑ r❡❛❧✐③✉❥❡t♦ ♥♣✳ st❛♥❞❛r❞♦✇❛ ✐♥✇❡rs❥❛ ■ ✇③❣❧➛❞❡♠ ♦❦r➛❣✉ ♦ ➧r♦❞❦✉ ✇ ♣✉♥❦❝✐❡ ✷ ✐ ♣r♦♠✐❡♥✐✉✶

♣♦ ③➟♦➺❡♥✐✉ ③ ❤♦♠❡♦♠♦r✜③♠❡♠ ♣r③❡❦s③t❛➟❝❛❥→❝②♠ t❡♥ ♦st❛t♥✐ ③❜✐ór ♥❛ ✐❧♦❝③②♥❦❛rt❡③❥❛➠s❦✐ ❬❡✷✙✐✑❀�❡✷✙✐✑❪ ✂ ❙✶✿ ❚❡♥ ♦st❛t♥✐ ❤♦♠❡♦♠♦r✜③♠ ♠♦➺♥❛ t❛❦ ❞♦❜r❛➣✱❜② ♦tr③②♠❛♥② ✇ ❦♦♥s❡❦✇❡♥❝❥✐ ❤♦♠❡♦♠♦r✜③♠ ❋ ❥✭❅P ✮✷ ❜②➟ ✐❞❡♥t②❝③♥② ③ ❋ ❥✭❅P ✮✶ ♥❛✇s♣ó❧♥❡❥ ❝③➛➧❝✐ ✐❝❤ ❞③✐❡❞③✐♥✱ ❝③②❧✐ ♥❛ t♦r✉s✐❡ ❚✿ ❚♦ ❦♦➠❝③② ❦♦♥str✉❦❝❥➛ ❤♦♠❡♦♠♦r✲✜③♠✉ ❋✿❉❧❛ ❦❛➺❞❡❣♦ ✇➛③➟❛ ❲ ✇ ❅P ♠❛♠② ♦❞♣♦✇✐❛❞❛❥→❝② ♠✉ ✭③❛ ♣♦♠♦❝→ ❋ ✮ ✇➛③❡➟ ✇❙✸✿ ❲ s③❝③❡❣ó❧♥♦➧❝✐ ✇➛③➟♦✇✐
❙✶ ✸ ❡✷✙✐t ✼✦ ✭❡✷✙✐t❀ ✵✮ ✷ ❅P

♦❞♣♦✇✐❛❞❛ ✇➛③❡➟ tr②✇✐❛❧♥② ✇ ❙✸✿ ●❞② ❲ ✚ ❚ ❧✉❜ ❲ ✚ ❚✱ t♦ ♦tr③②♠❛♠② ✇➛③➟② ✇❘✸ ❧❡➺→❝❡ ✇ ❚ st ❧✉❜ ✇ ❚st✿❘♦③✇❛➺♠② t❡r❛③ ♥❛❥♣r♦sts③❡ ✇➛③➟② t♦r②❝③♥❡✳ ◆✐❡❝❤ ♥❀♠ ✷ ◆ ❜➛❞→ ❧✐❝③❜❛♠✐✇③❣❧➛❞♥✐❡ ♣✐❡r✇s③②♠✐✱ t③♥✳ ◆❲❉✭♥❀♠✮ ❂ ✶✿ ❲ó✇❝③❛s ✟ ✿ ❙✶ ✦ ❅P ♦❦r❡➧❧♦♥❡✇③♦r❡♠
✟✭❡✷✙✐t✮ ✿❂ ✭❡✷✙✐♥t❀ ❡✷✙✐♠t✮❀ t ✷ ❬✵❀ ✶❪

❥❡st ró➺♥♦✇❛rt♦➧❝✐♦✇❡ ✭③ ✇②❥→t❦✐❡♠ ❦r❛➠❝ó✇✮ ♥❛ ♠♦❝② ✇➟❛s♥♦➧❝✐ ❢✉♥❦❝❥✐ ✇②❦➟❛❞✲♥✐❝③❡❥ ✐ ♦❝③②✇✐➧❝✐❡ ❝✐→❣➟❡✱ ❛ ③❛t❡♠ ❤♦♠❡♦♠♦r✜③♠❡♠ ♦❦r➛❣✉ ♥❛ ♦❜r❛③✱ ❛ ✇✐➛❝ ✟❞❡✜♥✐✉❥❡ ✇➛③❡➟ ✇ ❅P✿ ❖③♥❛❝③❛♠② ❣♦ ♣r③❡③ ❚♥❀♠ ✐ ♣❛r➛ ✭♥❀♠✮ ♥❛③②✇❛♠② ❥❡❣♦t②♣❡♠✳ ❖❝③②✇✐➧❝✐❡ ❚♥❀♠ ❧❡➺② ✇ ❚✿ ❉❧❛ ❦❛➺❞❡❣♦ ♦❦r➛❣✉ ❖✑ ✿❂ ❢✭❡✷✙✐✑❀ ❡✷✙✐✒✮ ✿✒ ✷ ❬✵❀ ✶❪❣❀ ✑ ✷ ❬✵❀ ✶❪❀ ❝③➛➧➣ ✇s♣ó❧♥❛ ❖✑ ❭ ❚♥❀♠ s❦➟❛❞❛ s✐➛ ③ ♥ ♣✉♥❦tó✇ r♦③♠✐❡s③✲❝③♦♥②❝❤ s②♠❡tr②❝③♥✐❡ ♦r❛③ ♣♦❞♦❜♥✐❡ ❞❧❛ ❦❛➺❞❡❣♦ ♦❦r➛❣✉ ❖✒ ✿❂ ❢✭❡✷✙✐✑❀ ❡✷✙✐✒✮ ✿
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✑ ✷ ❬✵❀ ✶❪❣ ✒ ✷ ❬✵❀ ✶❪❀ ❝③➛➧➣ ✇s♣ó❧♥❛ ❖✒ ❭ ❚♥❀♠ s❦➟❛❞❛ s✐➛ ③ ♠ ♣✉♥❦tó✇ r♦③♠✐❡s③✲❝③♦♥②❝❤ s②♠❡tr②❝③♥✐❡

❉♦✇♦❧♥② ③ t②❝❤ ♣✉♥❦tó✇ ✭❡✷✙✐✑❀ ❡✷✙✐✒✮ ❂ ✭❡✷✙✐♥t✵ ❀ ❡✷✙✐♠t✵✮ ♣♦ ♦❜✐❡❣♥✐➛❝✐✉ r❛③ ♦❦r➛❣✉✭t③♥✳ ❞❧❛ t ✷ ❬t✵❀ t✵✰ ✶♥ ❪✮ ♣r③❡❝❤♦❞③✐ ✇ ♣✉♥❦t ró➺♥✐→❝② s✐➛ ♦❞ ✇②❥➧❝✐♦✇❡❣♦ ♦ ❦→t ✷✙♠♥✭♦ ♠❂♥ ♦❜r♦t✉✮✿ ◆❛ ♣r③②❦➟❛❞ ❥❡➧❧✐ ✇ ♣♦✇②➺s③②♠ r②s✉♥❦✉ ♣r③②❥♠✐❡♠②✱ ➺❡ ♥ ❂ ✺✐ ♠ ❂ ✸❀ t♦ ❦♦❧❡❥♥♦➧➣ ♣✉♥❦tó✇ ❜➛❞③✐❡ ♥❛st➛♣✉❥→❝❛ ✭✇②❜✐❡r❛❥→❝ ♣✐❡r✇s③② ♣✉♥❦t❞♦✇♦❧♥✐❡✮

♥ ❂ ✺❀ ♠ ❂ ✸
P♦♣r③❡③ ❤♦♠❡♦♠♦r✜③♠ ❋ ♦tr③②♠❛♠② ✇➛③❡➟ ✇ ❙✸ ❧❡➺→❝② ✇ ❚ st✿ ❖③♥❛❝③❛♠② ❣♦t②♠ s❛♠②♠ s②♠❜♦❧❡♠ ❚♥❀♠ ✐ ♥❛③②✇❛♠② ✇➛③➟❡♠ t♦r②❝③♥②♠ t②♣✉ ✭♥❀♠✮✿ ❩❛t❡♠ ❥❡st♦♥ ③❛❞❛♥② ✇ ❙✸ ✇③♦r❡♠

❋ ✍✟✭❡✷✙✐t✮ ❂ ✭✭✷✰❝♦s ✷✙♠t✮ ❝♦s ✷✙♥t❀ ✭✷✰❝♦s ✷✙♠t✮ s✐♥ ✷✙♥t❀ s✐♥ ✷✙♠t✮❀ t ✷ ❬✵❀ ✶❪✿
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◆❛ ♣r③②❦➟❛❞ ✇➛③❡➟ ❚✷❀✸

❯✇❛❣❛ ✸✳✶✳ ▼♦➺♥❛ ✇②❦❛③❛➣✱ ➺❡ ♥❛ t♦r✉s✐❡ ❚ ✇➛③➟② ✐♥♥②❝❤ t②♣ó✇ ✭t③♥✳ ✇➛③➟② ❚♥❀♠❞❧❛ ◆❲❉✭♥❀♠✮ ❃ ✶✮ ♥✐❡ ✐st♥✐❡❥→ ✭③♦❜✳ ❬❘♦❧❪✱ str✳ ✶✾✮✳
❯✇❛❣❛ ✸✳✷✳ ◆✐❡tr✉❞♥♦ ✇②❦❛③❛➣✱ ➺❡ ✇➛③➟② ❚♥❀♠ ❞❧❛ ♥ ❂ ✶ ❧✉❜ ♠ ❂ ✶ s→ tr②✇✐❛❧♥❡✳

❩❛♥✐♠ ♣r③❡❥❞③✐❡♠② ❞♦ ✇②③♥❛❝③❡♥✐❛ ❣r✉♣② ❢✉♥❞❛♠❡♥t❛❧♥❡❥ ✇➛③➟❛ ❚♥❀♠ ♠✉s✐♠②♣♦❞❛➣ ♣❡✇♥❡ ✇➟❛s♥♦➧❝✐ t♦r✉s❛ ❚❀ ❛ ✇ s③❝③❡❣ó❧♥♦➧❝✐ ✇➟❛s♥♦➧❝✐ ✉♥✐✇❡rs❛❧♥❡❣♦ ♥❛❦r②✲❝✐❛ t♦r✉s❛✳ ❏❡st t♦ ♦❞✇③♦r♦✇❛♥✐❡
♣ ✿ ❘✷ ✦ ❚❀

♣✭✑❀ ✒✮ ✿❂ ✭❡✷✙✐✑❀ ❡✷✙✐✒✮❀ ✭✑❀ ✒✮ ✷ ❘✷✿
❩❛✉✇❛➺♠②✱ ➺❡ ♣✭✑❀ ✒✮ ❂ ♣✭✑✵❀ ✒✵✮ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② ✭✑❀ ✒✮ � ✭✑✵❀ ✒✵✮ ✷ ❩✷✳▼ó✇✐♠② ✇t❡❞②✱ ➺❡ ♣✉♥❦t② ✭✑❀ ✒✮ ✐ ✭✑✵❀ ✒✵✮ ♥❛ ♣➟❛s③❝③②➵♥✐❡ ❘✷ s→ ró✇♥♦✇❛➺♥❡✳ ❖❞✲✇③♦r♦✇❛♥✐❡ ♣ ♠❛ ♥❛st➛♣✉❥→❝❡ ③♥❛♥❡ ✇➟❛s♥♦➧❝✐✿✶✳ ❉❧❛ ❦❛➺❞❡❣♦ ③ ✷ ❚ ✐st♥✐❡❥❡ ❥❡❣♦ ♦t♦❝③❡♥✐❡ ❯ t❛❦✐❡✱ ➺❡ ♣�✶✭❯✮ ❥❡st s✉♠→r♦③➟→❝③♥→ ❙❱✐ ③❜✐♦ró✇ ♦t✇❛rt②❝❤ ✐ r♦③➟→❝③♥②❝❤ t❛❦✐❝❤✱ ➺❡ ♣❥❱✐ ✿ ❱✐ ✦ ❯ ❥❡st ❤♦♠❡✲♦♠♦r✜③♠❡♠ ✭❥❡st t♦ ❞❡✜♥✐❝❥❛ ♥❛❦r②❝✐❛✮✱✷✳ ❉❧❛ ❦❛➺❞❡❥ ❦r③②✇❡❥ ✌ ✿ ❬✵❀ ✶❪ ✦ ❚ ✐ ❞♦✇♦❧♥❡❣♦ ♣✉♥❦t✉ ✭✑❀ ✒✮ ✷ ♣�✶✭✌✭✵✮✮✐st♥✐❡❥❡ ❞♦❦➟❛❞♥✐❡ ❥❡❞♥❛ ❦r③②✇❛ ❜✌ ✿ ❬✵❀ ✶❪ ✦ ❘✷ t❛❦❛✱ ➺❡ ❜✌✭✵✮ ❂ ✭✑❀ ✒✮ ✐ ♣ ✍ ❜✌ ❂ ✌✭❜✌ ♥❛③②✇❛♠② ♣♦❞♥✐❡s✐❡♥✐❡♠ ❦r③②✇❡❥ ✌ ♦ ♣♦❝③→t❦✉ ✇ ✭✑❀ ✒✮✮❀✸✳ ◆✐❡❝❤ ❍ ✿ ❬✵❀ ✶❪ ✂ ❬✵❀ ✶❪ ✦ ❚ ❜➛❞③✐❡ ❤♦♠♦t♦♣✐→ ✇ ❚ ✱ t③♥✳ ❍ ❥❡st ❝✐→❣➟❡✐ ❍✭❬✵❀ ✶❪ ✂ ❢✵❣✮❀ ❍✭❬✵❀ ✶❪ ✂ ❢✶❣✮ s→ ♣♦❥❡❞②♥❝③②♠✐ ♣✉♥❦t❛♠✐✳ ❖③♥❛❝③♠② ♣r③❡③✌s ✿ ❬✵❀ ✶❪ ✦ ❚❀ s ✷ ❬✵❀ ✶❪❀ ❦r③②✇❡ ✇②③♥❛❝③♦♥❡ ♣r③❡③ t➛ ❤♦♠♦t♦♣✐➛✱ ✌s✭t✮ ✿❂ ❍✭s❀ t✮❀t ✷ ❬✵❀ ✶❪❀ ♦r❛③ ♥✐❡❝❤ ❜✌s ❜➛❞→ ♣♦❞♥✐❡s✐❡♥✐❛♠✐ ❦r③②✇②❝❤ ✌s ♦ t②♠ s❛♠②♠ ♣♦❝③→t❦✉✳❲ó✇❝③❛s ❜✌✵ ✐ ❜✌✶ s→ ❤♦♠♦t♦♣✐❥♥❡ ♦r❛③ ❜✌✵✭✶✮ ❂ ❜✌✶✭✶✮✿
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✹✳ ●r✉♣❛ ❢✉♥❞❛♠❡♥t❛❧♥❛ ✙✶✭❚ ✮ t♦r✉s❛ ❚ ❥❡st ✐③♦♠♦r✜❝③♥❛ ③ ❩✷✳ ❏❡❥ ❣❡♥❡r❛✲t♦r❛♠✐ s→ ❦r③②✇❡ ☛✭t✮ ✿❂ ✭❡✷✙✐t❀ ✶✮ ✐ ☞✭t✮ ✿❂ ✭✶❀ ❡✷✙✐t✮❀ t ✷ ❬✵❀ ✶❪❀ ③✇❛♥❡ ró✇♥✐❦✐❡♠ ✐♣♦➟✉❞♥✐❦✐❡♠ t♦r✉s❛✳✺✳ ❏❡➧❧✐ ✌ ❥❡st ❞♦✇♦❧♥→ ❦r③②✇→ ③❛♠❦♥✐➛t→ ✇ ❚ ♦r❛③ ✌ ❂ ♥☛ ✰♠☞❀ ♥❀♠ ✷ ❩ ✇✙✶✭❚ ✮ ✭❞③✐❛➟❛♥✐❡ ✇ ❣r✉♣✐❡ ③❛♣✐s✉❥❡♠② ❛❞❞②t②✇♥✐❡✱ ❣❞②➺ ❥❡st t♦ ❣r✉♣❛ ♣r③❡♠✐❡♥♥❛✮❀t♦ ❧✐❝③❜② ♥❀♠ s→ s❝❤❛r❛❦t❡r②③♦✇❛♥❡ ③❛ ♣♦♠♦❝→ ♣ ♥❛st➛♣✉❥→❝♦✳ ◆✐❡❝❤ ❜✌ ❜➛❞③✐❡♣♦❞♥✐❡s✐❡♥✐❡♠ ✌ ♦ ♣♦❝③→t❦✉ ✇ ✭✑✵❀ ✒✵✮ ✷ ♣�✶✭✌✭✵✮✮✿ P♦♥✐❡✇❛➺ ✌✭✵✮ ❂ ✌✭✶✮❀ ✇✐➛❝❜✌✭✶✮ � ❜✌✭✵✮ ✷ ❩✷✿ ❲ó✇❝③❛s ❜✌✭✶✮ � ❜✌✭✵✮ ❂ ✭♥❀♠✮✿ ▼ó✇✐♠② ✇ó✇❝③❛s✱ ➺❡ ✌ ♦❜✐❡❣❛t♦r✉s ❚ ♥✲r❛③② ✇③❞➟✉➺ ✐ ♠✲r❛③② ✇♦❦ó➟✳✻✳ ●r✉♣❛ ♣♦❞st❛✇♦✇❛ ♣❡➟♥❡❣♦ t♦r✉s❛ ❚❀ t③♥✳ ✙✶✭❚✮ ❥❡st ✐③♦♠♦r✜❝③♥❛ ③ ❩ ✐ ❥❡❥❣❡♥❡r❛t♦r❡♠ ❥❡st ♣➛t❧❛ ☛✿ ❉❧❛ ❞♦✇♦❧♥❡❥ ♣➛t❧✐ ✔ ✇ ❚ ♦ t②♠ s❛♠②♠ ♣♦❝③→t❦✉ ❝♦ ✐ ☛❀♠❛♠② ✔ ❂ ☛♥❀ ❣❞③✐❡ ♥ ❥❡st ✐♥❞❡❦s❡♠ ❦r③②✇❡❥ ❜➛❞→❝❡❥ r③✉t❡♠ ✔ ♥❛ ❈ ③❛ ♣♦♠♦❝→✙✶ ✇③❣❧➛❞❡♠ ♣✉♥❦t✉ ✵ ✷ ❈ ✭♥ ❂ ■♥❞✵ ✙✶ ✍ ✔✮✳✼✳ ●r✉♣❛ ♣♦❞st❛✇♦✇❛ ❞♦♣❡➟♥✐❡♥✐❛ ♣❡➟♥❡❣♦ t♦r✉s❛ ❚ ✇ ❅P❀ t③♥✳ ✙✶✭❅P ♥ ❚✮ ❥❡st✐③♦♠♦r✜❝③♥❛ ③ ❩ ✐ ❥❡❥ ❣❡♥❡r❛t♦r❡♠ ❥❡st ♣➛t❧❛ ☞✿ P♦❞♦❜♥✐❡ ❥❛❦ ♣♦✇②➺❡❥ ❞❧❛ ❞♦✇♦❧♥❡❥♣➛t❧✐ ✔ ✇ ❅P ♥❚ ♦ t②♠ s❛♠②♠ ♣♦❝③→t❦✉ ❝♦ ✐ ☞❀ ♠❛♠② ✔ ❂ ☞♥❀ ❣❞③✐❡ ♥ ❥❡st ✐♥❞❡❦s❡♠❦r③②✇❡❥ ❜➛❞→❝❡❥ r③✉t❡♠ ✔ ♥❛ ❈ ③❛ ♣♦♠♦❝→ ✙✷ ✇③❣❧➛❞❡♠ ♣✉♥❦t✉ ✵ ✷ ❈✳P♦❞❛♠② t❡r❛③ ♣❡✇♥❡ ❞♦❞❛t❦♦✇❡ ✇➟❛s♥♦➧❝✐ ✇➛③➟❛ ❚♥❀♠✿

▲❡♠❛t ✸✳✸✳ ❩❜✐ór ♣�✶✭❚♥❀♠✮ s❦➟❛❞❛ s✐➛ ③ r♦❞③✐♥② ♣r♦st②❝❤ ró✇♥♦❧❡❣➟②❝❤
▲❦ ✿❂ ❢✭✑❀ ✒✮ ✷ ❘✷✭✑❀✒✮ ✿ ✒ ❂ ♠♥ ✑ ✰ ❦♥❣❀ ❦ ✷ ❩✿

❉♦✇ó❞✳ ❏❡➧❧✐ ✭✑❀ ✒✮ ✷ ♣�✶✭❚♥❀♠✮❀ t♦ ✐st♥✐❡❥❡ t ✷ ❬✵❀ ✶❪ t❛❦✐❡✱ ➺❡ ✭❡✷✙✐✑❀ ❡✷✙✐✒✮ ❂✭❡✷✙✐♥t❀ ❡✷✙✐♠t✮✿ ❩ ✇➟❛s♥♦➧❝✐ ❢✉♥❦❝❥✐ ✇②❦➟❛❞♥✐❝③❡❥ ♦tr③②♠✉❥❡♠②✱ ➺❡ ✑ ❂ ♥t ✰ r❀✒ ❂ ♠t✰ s❀ r❀ s ✷ ❩✿ ❙t→❞
✒ ❂ ♠♥ ✑ ✰ ♥s�♠r♥ ❀

❝③②❧✐ ✭✑❀ ✒✮ ✷ ▲♥s�♠r✿◆❛ ♦❞✇rót✱ ❥❡➧❧✐ ✒ ❂ ♠♥ ✑ ✰ ❦♥ ❞❧❛ ♣❡✇♥❡❣♦ ❦ ✷ ❩❀ t♦ ♣r③②❥♠✉❥→❝ t ❂ ✑♥ ✰ ❦❛♥ ❀❣❞③✐❡ ❛❀ ❜ ✷ ❩ ✐ ❛♠� ❜♥ ❂ ✶ ✭t❛❦✐❡ ❛❀ ❜ ✐st♥✐❡❥→✱ ❜♦ ◆❲❉✭♥❀♠✮ ❂ ✶✮❀ ♦tr③②♠✉❥❡♠②
❡✷✙✐♥t ❂ ❡✷✙✐✭✑✰❦❛✮ ❂ ❡✷✙✐✑❀
❡✷✙✐♠t ❂ ❡✷✙✐✭♠t�❦❜✮ ❂ ❡✷✙✐✭♠♥ ✑✰ ❦✭❛♠�❜♥✮

♥ ✮ ❂ ❡✷✙✐✭♠♥ ✑✰ ❦
♥ ✮ ❂ ❡✷✙✐✒✿

❩❛t❡♠ ✭✑❀ ✒✮ ✷ ♣�✶✭❚♥❀♠✮✿
▲❡♠❛t ✸✳✹✳ ❉❧❛ ❞♦✇♦❧♥②❝❤ P❀◗ ✷ ❚ ♥❚♥❀♠ ✐st♥✐❡❥❡ ❦r③②✇❛ ➟→❝③→❝❛ P❀◗ ✇ ❚ ♥❚♥❀♠✿
❉♦✇ó❞✳ ◆✐❡❝❤ ♣ ✿ ❘✷✭✑❀✒✮ ✦ ❚ ❜➛❞③✐❡ ✉♥✐✇❡rs❛❧♥②♠ ♥❛❦r②❝✐❡♠ t♦r✉s❛✳ ❲ó✇❝③❛s♥❛ ♠♦❝② ❧❡♠❛t✉ ✸✳✸ ♣�✶✭❚♥❀♠✮ ❥❡st r♦❞③✐♥→ ♣r♦st②❝❤ ró✇♥♦❧❡❣➟②❝❤ ▲❦❀ ❦ ✷ ❩❀ ✇♣➟❛s③❝③②➵♥✐❡ ❘✷✭✑❀✒✮✳ ❑❛➺❞② ③ ♣❛só✇ ③❛✇❛rt②❝❤ ♠✐➛❞③② s→s✐❡❞♥✐♠✐ ♣r♦st②♠✐ ró✇♥♦✲❧❡❣➟②♠✐ ❥❡st ♦❝③②✇✐➧❝✐❡ ③❜✐♦r❡♠ ✇②♣✉❦➟②♠✳ ❩❛t❡♠ ❞♦✇♦❧♥❡ ❞✇❛ ❥❡❣♦ ♣✉♥❦t② ♠♦➺♥❛♣♦➟→❝③②➣ ♦❞❝✐♥❦✐❡♠✳ ❲ó✇❝③❛s ♦❜r❛③ t❡❣♦ ♦❞❝✐♥❦❛ ✭③❛ ♣♦♠♦❝→ ♣✮ ❜➛❞③✐❡ ♦❝③②✇✐➧❝✐❡❦r③②✇→ ✇ ❚ ➟→❝③→❝→ ♦❜r❛③② ❦r❛➠❝ó✇ t❡❣♦ ♦❞❝✐♥❦❛✳ ❩❛t❡♠ ✇②st❛r❝③② ✇②❦❛③❛➣✱ ➺❡



✸✻ ❲❺❩❾❨ ❚❖❘❨❈❩◆❊ P■❊❘❲❙❩❊●❖ ❘❩❺❉❯
♦❜r❛③ ❦❛➺❞❡❣♦ ♣❛s❛ ✭♦t✇❛rt❡❣♦✮ ❥❡st ró✇♥② ❚ ♥ ❚♥❀♠✿ ❉❧❛ ✉♣r♦s③❝③❡♥✐❛ ③❛♣✐só✇r♦③✇❛➺♠② ♣❛s P ✿❂ ❢✭✑❀ ✒✮ ✿ ✑ ✷ ❘❀ ♠♥ ✑ ❁ ✒ ❁ ♠♥ ✑ ✰ ✶♥❣

❲❡➵♠② ❞♦✇♦❧♥② ♣✉♥❦t◗ ❂ ✭❡✷✙✐✑❀ ❡✷✙✐✒✮ ✷ ❚ ♥❚♥❀♠✿▼✉s✐♠② ✇②❦❛③❛➣✱ ➺❡ ✐st♥✐❡❥❡♣✉♥❦t ✭✑✵❀ ✒✵✮ ✷ P t❛❦✐✱ ➺❡ ✭✑✵ � ✑❀ ✒✵ � ✒✮ ✷ ❩✷✿ P♦♥✐❡✇❛➺ ◆❲❉✭♥❀♠✮ ❂ ✶❀ ✇✐➛❝✐st♥✐❡❥→ ❛❀ ❜ ✷ ◆ t❛❦✐❡✱ ➺❡
✭✶✮ ❛♠� ❜♥ ❂ ✶✿
❖③♥❛❝③♠② s ✿❂ ❬♥✒�♠✑❪✿❲ó✇❝③❛s ♣✉♥❦t ✭✑✵❀ ✒✵✮ ✿❂ ✭✑✰❛s❀ ✒✰❜s✮ s♣❡➟♥✐❛ ✇❛r✉♥❦✐✿✶✳ ♣✭✑✵❀ ✒✵✮ ❂ ♣✭✑❀ ✒✮ ❂ ◗✱✷✳ ✭✑✵❀ ✒✵✮ ✷ P ✳P✐❡r✇s③② ✇❛r✉♥❡❦ ❥❡st ♦❝③②✇✐st②✱ ❛ ❞r✉❣✐ ✇②♥✐❦❛ ③ ❝✐→❣✉ ♥✐❡ró✇♥♦➧❝✐

✵ ❁ ♥✒ �♠✑ � ❬♥✒ �♠✑❪ ❁ ✶❀✵ ❁ ♥✒ �♠✑ � s ❁ ✶❀
✵ ❁ ♥✒ �♠✑ � s✭❛♠� ❜♥✮ ❁ ✶❀♠✑ ✰♠❛s ❁ ♥✒ ✰ ♥❜s ❁ ♠✑ ✰♠❛s✰ ✶❀♠♥ ✭✑ ✰ ❛s✮ ❁ ✒ ✰ ❜s ❁ ♠♥ ✭✑ ✰ ❛s✮ ✰ ✶♥✿

P✐❡r✇s③❛ ♥✐❡ró✇♥♦➧➣ ❥❡st ♦❝③②✇✐st❛✱ ❜♦ ♥✒�♠✑ ✻✷ ❩ ✭♥❛ ♠♦❝② ③❛➟♦➺❡♥✐❛✱ ➺❡ ✭✑❀ ✒✮ ✻✷❚♥❀♠✮✿❘♦③✇❛➺♠② ✇ s③❝③❡❣ó❧♥♦➧❝✐ ❞✇❛ ♣✉♥❦t② ◗❀❘ ♥❛ t♦r✉s✐❡ ♥✐❡♥❛❧❡➺→❝❡ ❞♦ ❚♥❀♠ró➺♥✐→❝❡ s✐➛ t②❧❦♦ ❛r❣✉♠❡♥t❡♠ ✷✙♠ ♣✐❡r✇s③❡❥ ✇s♣ó➟r③➛❞♥❡❥✳ ❩❛t❡♠
◗ ✿❂ ✭❡✷✙✐✑❀ ❡✷✙✐✒✮ ✻✷ ❚♥❀♠❀
❘ ✿❂ ✭❡✷✙✐✭✑� ✶

♠ ✮❀ ❡✷✙✐✒✮ ✻✷ ❚♥❀♠



❲❺❩❾❨ ❚❖❘❨❈❩◆❊ P■❊❘❲❙❩❊●❖ ❘❩❺❉❯ ✸✼
▲❡➺→ ♦♥❡ ♥❛ ♦❦r➛❣✉ ❢✭❡✷✙✐t❀ ❡✷✙✐✒✮❀ t ✷ ❬✵❀ ✶❪❣❀ ✐ s→ ♣r③❡❞③✐❡❧♦♥❡ ✧❥❡❞♥❛ ♥✐❝✐→✧ ✇➛③➟❛❚♥❀♠ ✭♥❛ t②♠ ♦❦r➛❣✉ ❧❡➺② ♠ ♣✉♥❦tó✇ ❚♥❀♠ r♦③♠✐❡s③❝③♦♥②❝❤ s②♠❡tr②❝③♥✐❡✮✳

▲❡♠❛t ✸✳✺✳ ❉❧❛ ♣♦✇②➺❡❥ ♦❦r❡➧❧♦♥②❝❤ ♣✉♥❦tó✇ ◗❀❘ ✻✷ ❚♥❀♠ ❦r③②✇→ ➟→❝③→❝→ ◗❀❘ ✇❚ ♥ ❚♥❀♠ ❥❡st ♦❜r❛③ ♦❞❝✐♥❦❛ ❬✭✑❀ ✒✮❀ ✭✑ � ✶♠ ✰ ❛❀ ✒ ✰ ❜✮❪ ③❛ ♣♦♠♦❝→ ♣✿
❉♦✇ó❞✳ ❖❝③②✇✐➧❝✐❡ ♣✭✑❀ ✒✮ ❂ ◗ ✐ ♣✭✑ � ✶♠ ✰ ❛❀ ✒✰ ❜✮ ❂ ❘✿ P♦♥❛❞t♦ ✇s♣ó➟❝③②♥♥✐❦❦✐❡r✉♥❦♦✇② t❡❣♦ ♦❞❝✐♥❦❛ ❥❡st ró✇♥② ♠♥ ❀ ❜♦✒ ✰ ❜� ✒✑ � ✶♠ ✰ ❛� ✑ ❂ ❜♠❛♠� ✶ ❂ ❜♠❜♥ ❂ ♠♥ ❀
❛ ✇✐➛❝ ❥❡st ♦♥ ró✇♥♦❧❡❣➟② ❞♦ ♣r♦st②❝❤ ▲❦✿ ❩❛t❡♠ ❧❡➺② ♦♥ ✇ ❥❡❞♥②♠ ③ ♣❛só✇✳
▲❡♠❛t ✸✳✻✳ ❩❜✐ór ♣✉♥❦tó✇ ✭✑✵❀ ✒✵✮ ró✇♥♦✇❛➺♥②❝❤ ✭✑❀ ✒✮ ✇ ❘✷ ✭t③♥✳ ♣✭✑✵❀ ✒✵✮ ❂♣✭✑❀ ✒✮✮ ✐ ❧❡➺→❝②❝❤ ✇ t②♠ s❛♠②♠ ♣❛s✐❡ ❝♦ ✐ ✭✑❀ ✒✮ ❥❡st ró✇♥② ❢✭✑✰❦♥❀ ✒✰❦♠✮ ✿ ❦ ✷❩❣✳
❉♦✇ó❞✳ ❖❝③②✇✐➧❝✐❡ ♣✉♥❦t② ✭✑✰❦♥❀ ✒✰❦♠✮✱ ❦ ✷ ❩✱ s→ ró✇♥♦✇❛➺♥❡ ✭✑❀ ✒✮✿ P♦♥❛❞t♦❧❡➺→ ✇ t②♠ s❛♠②♠ ♣❛s✐❡ ❝♦ ✐ ✭✑❀ ✒✮❀ ❣❞②➺ ✇s♣ó➟❝③②♥♥✐❦ ❦✐❡r✉♥❦♦✇② ✇❡❦t♦r❛ ❬♠❀♥❪ ♦✇✐❡❧♦❦r♦t♥♦➧❝✐ ❦tór❡❣♦ ♣r③❡s✉✇❛♠② ♣✉♥❦t ✭✑❀ ✒✮ ❥❡st ró✇♥②♠❂♥ ✭❥❡st ♦♥ ró✇♥♦❧❡❣➟②❞♦ ♣r♦st②❝❤ ▲❦✮✿❲❡➵♠② t❡r❛③ ❞♦✇♦❧♥② ♣✉♥❦t ✭✑✵❀ ✒✵✮ ró✇♥♦✇❛➺♥② ✭✑❀ ✒✮ ✇ ❘✷ ✐ ❧❡➺→❝② ✇ t②♠s❛♠②♠ ♣❛s✐❡ ❝♦ ✐ ✭✑❀ ✒✮✿ ◆✐❡❝❤ ❞❧❛ ✉♣r♦s③❝③❡♥✐❛ r♦③✇❛➺❛➠
✭✷✮ ♠♥ ✑ ❁ ✒ ❁ ♠♥ ✑ ✰ ✶♥✿❩❛t❡♠ ✭✑✵❀ ✒✵✮ ❂ ✭✑ ✰ r❀ ✒ ✰ s✮ ❞❧❛ ♣❡✇♥②❝❤ r❀ s ✷ ❩ ✐
✭✸✮ ♠♥ ✭✑ ✰ r✮ ❁ ✒ ✰ s ❁ ♠♥ ✭✑ ✰ r✮ ✰ ✶♥✿❩ ✭✷✮ ✐ ✭✸✮ ♦tr③②♠✉❥❡♠② ❞✇✐❡ ♥✐❡ró✇♥♦➧❝✐

✵ ❁ ♥✒ �♠✑ ❁ ✶❀
✵ ❁ ✭♥✒ �♠✑✮ ✰ ✭♥s�♠r✮ ❁ ✶✿

P♦♥✐❡✇❛➺ ♥s �♠r ✷ ❩✱ ✇✐➛❝ ♥s �♠r ❂ ✵❀ ❛ st→❞ ✐ ③ ✇③❣❧➛❞♥❡❥ ♣✐❡r✇s③♦➧❝✐ ♥ ✐ ♠♦tr③②♠✉❥❡♠② r ❂ ❦♥ ✐ s ❂ ❦♠ ❞❧❛ ♣❡✇♥❡❣♦ ❦ ✷ ❩✳❩ ♦st❛t♥✐❡❣♦ ❧❡♠❛t✉ ✇②♥✐❦❛ ♣❡➟♥② ♦♣✐s ❣r✉♣② ♣♦❞st❛✇♦✇❡❥ ❞♦♣❡➟♥✐❡♥✐❛ ✇➛③➟❛❚♥❀♠ ✇ t♦r✉s✐❡ ❚✿



✸✽ ❲❺❩❾❨ ❚❖❘❨❈❩◆❊ P■❊❘❲❙❩❊●❖ ❘❩❺❉❯
❲➟❛s♥♦➧➣ ✸✳✼✳ ❉❧❛ ❞♦✇♦❧♥❡❣♦ ♣✉♥❦t✉ ✄ ✷ ❚ ♥ ❚♥❀♠
✭✹✮ ✙✶✭❚ ♥ ❚♥❀♠❀ ✄✮ ✘❂ ❩
✐ ❣❡♥❡r❛t♦r❡♠ ✙✶✭❚ ♥ ❚♥❀♠❀ ✄✮ ❥❡st ❦r③②✇❛ ③❛♠❦♥✐➛t❛ ✔ ❜➛❞→❝❛ ♦❜r❛③❡♠ ③❛ ♣♦♠♦❝→♣ ♦❞❝✐♥❦❛ ✭✑❀ ✒✮❀ ✭✑ ✰ ♥❀ ✒ ✰♠✮❀ ❣❞③✐❡ ♣✭✑❀ ✒✮ ❂ ✄✿ ❩❛t❡♠

✙✶✭❚ ♥ ❚♥❀♠❀ ✄✮ ❂ ❋✭✔✮ ✘❂ ❩✿
❉♦✇ó❞✳ ▼❛♠② ✔✭t✮ ❂ ♣✭✭✑ ✰ t♥❀ ✒ ✰ t♠✮✮❀ t ✷ ❬✵❀ ✶❪❀ ♦r❛③ ❞❧❛ ❞♦✇♦❧♥❡❣♦ ❦ ✷ ❩✱✔❦✭t✮ ❂ ♣✭✭✑ ✰ t❦♥❀ ✒ ✰ t❦♠✮✮❀ t ✷ ❬✵❀ ✶❪✿ ❲❡➵♠② ❞♦✇♦❧♥→ ❦r③②✇→ ✓ ✇ ❚ ♥ ❚♥❀♠ ♦♣♦❝③→t❦✉ ✐ ❦♦➠❝✉ ✇ ✄✿ ❏❡❥ ♣♦❞♥✐❡s✐❡♥✐❡ ❜✓ ♦ ♣♦❝③→t❦✉ ✇ ♣✉♥❦❝✐❡ ✭✑❀ ✒✮ ♠❛ ❦♦♥✐❡❝ ✇♣✉♥❦❝✐❡ ✭✑ ✰ ❦♥❀ ✒ ✰ ❦♠✮ ❞❧❛ ♣❡✇♥❡❣♦ ❦ ✷ ❩ ✭♥❛ ♠♦❝② ♣♦♣r③❡❞♥✐❡❣♦ ❧❡♠❛t✉✮ ♦r❛③❧❡➺② ✇ ♣❛s✐❡ ③❛✇✐❡r❛❥→❝②♠ ♣✉♥❦t ✭✑❀ ✒✮✳ P♦♥✐❡✇❛➺ ♣❛s ❥❡st ③❜✐♦r❡♠ ❥❡❞♥♦s♣ó❥♥②♠✱✇✐➛❝ ❦r③②✇❛ ❜✓ ❥❡st ❤♦♠♦t♦♣✐❥♥❛ ♦❞❝✐♥❦♦✇✐ ➟→❝③→❝❡♠✉ ❥❡❥ ❦♦➠❝❡✱ ❝③②❧✐ ♦❞❝✐♥❦♦✇✐✭✑❀ ✒✮❀ ✭✑ ✰ ❦♥❀ ✒ ✰ ❦♠✮✿ ❙t→❞ ♣♦ ③➟♦➺❡♥✐✉ ③ ♣ ❦r③②✇❛ ✓ ❥❡st ❤♦♠♦t♦♣✐❥♥❛ ✔❦✿ ❩❛t❡♠✔ ❥❡st ❣❡♥❡r❛t♦r❡♠ ❣r✉♣② ✙✶✭❚ ♥ ❚♥❀♠❀ ✄✮✿❆❜② ✇②❦❛③❛➣ ✐③♦♠♦r✜③♠ ✹ ✇②st❛r❝③② ✉❞♦✇♦❞♥✐➣✱ ➺❡ ➺❛❞♥❛ ③ ❦r③②✇②❝❤ ✔❦ ❞❧❛❦ ✷ ❩ ♥ ❢✵❣ ♥✐❡ ❥❡st ❤♦♠♦t♦♣✐❥♥❛ ❦r③②✇❡❥ st❛➟❡❥ ✇ ♣✉♥❦❝✐❡ ✄✿ ■st♦t♥✐❡✱ ❣❞②❜② t❛❦❜②➟♦ t♦ ❞❧❛ ♣♦❞♥✐❡s✐❡♥✐❛ ❝✔❦ ❦r③②✇❡❥ ✔❦ ♦ ♣♦❝③→t❦✉ ✇ ✭✑❀ ✒✮ ♠✐❡❧✐❜②➧♠② ❝✔❦✭✶✮ ❂✭✑❀ ✒✮✿ ❩ ❞r✉❣✐❡❥ str♦♥② ❥❡st ❝✔❦✭✶✮ ❂ ✭✑ ✰ ❦♥❀ ✒ ✰ ❦♠✮❀ ❝♦ ✐♠♣❧✐❦✉❥❡ ❦ ❂ ✵✿❲②③♥❛❝③②♠② t❡r❛③ ❣r✉♣➛ ✇➛③➟❛ ❚♥❀♠✿ ❩ ❞❡✜♥✐❝❥✐ ✙✭❚♥❀♠✮ ❂ ✙✶✭❅P ♥ ❚♥❀♠❀ ✄✮ ❂✙✶✭❙✸ ♥❚♥❀♠❀ ✄✮❀ ❣❞③✐❡ ♣✉♥❦t ✄ ✻✷ ❚♥❀♠✿ ❉❧❛ ✉♣r♦s③❝③❡♥✐❛ r♦③✇❛➺❛➠ ♦❜✐❡r③♠② ♣✉♥❦t✄ ✷ ❚ ♥ ❚♥❀♠✿ ❘♦③✇❛➺♠② ❞✇✐❡ ♥❛st➛♣✉❥→❝❡ ♣➛t❧❡ ✌❀ ✍ ✭❞♦❦➟❛❞♥✐❡❥ ❦❧❛s② t②❝❤ ♣➛t❧✐ ✇✙✶✭❙✸ ♥ ❚♥❀♠❀ ✄✮✮

❲②❦❛➺❡♠② t❡r❛③
▲❡♠❛t ✸✳✽✳ P➛t❧❡ ✌ ✐ ✍ s→ ❣❡♥❡r❛t♦r❛♠✐ ❣r✉♣② ✙✭❚♥❀♠✮✿
❉♦✇ó❞✳ ❲❡➵♠② ❞♦✇♦❧♥→ ♣➛t❧➛ ✔ ✇ ❙✸ ♥ ❚♥❀♠ ♦ ♣♦❝③→t❦✉ ✐ ❦♦➠❝✉ ✇ ✄✿ ❩♠✐❡♥✐❛❥→❝❤♦♠♦t♦♣✐❥♥✐❡ ✔ ♠♦➺❡♠② ③❛➟♦➺②➣✱ ➺❡ ✔ ❥❡st ➟❛♠❛♥→✳ ❩❛t❡♠ ✔ ♠❛ s❦♦➠❝③♦♥❛ ✐❧♦➧➣



❲❺❩❾❨ ❚❖❘❨❈❩◆❊ P■❊❘❲❙❩❊●❖ ❘❩❺❉❯ ✸✾
♣✉♥❦tó✇❆✶❀ ✿ ✿ ✿ ❀ ❆♠ ✇s♣ó❧♥②❝❤ ③ ❚✿ P♦③✇❛❧❛ t♦ ♣r③❡❞st❛✇✐➣ ✔ ❥❛❦♦ s✉♠➛ s❦♦➠❝③♦♥❡❥✐❧♦➧❝✐ ❦r③②✇②❝❤ ✔ ❂ ✔✶ ✿ ✿ ✿ ✔❦❀❣❞③✐❡ ❦❛➺❞❛ ③ ❦r③②✇②❝❤ ✔✐ ♣r③❡❜✐❡❣❛ ❛❧❜♦ ✇ ❘✸ ♥ ❚ ✭t③♥✳ ♣♦③❛ ♣❡➟♥②♠ t♦r✉s❡♠ ③✇②❥→t❦✐❡♠ ❦r❛➠❝ó✇✮

❛❧❜♦ ✔✐ ♣r③❡❜✐❡❣❛ ✇ ■♥t❚ ✭t③♥✳ ✇❡ ✇♥➛tr③✉ t♦r✉s❛ ♣❡➟♥❡❣♦ ③ ✇②❥→t❦✐❡♠ ❦r❛➠❝ó✇✮

◆❛ ♠♦❝② ❧❡♠❛t✉ ✸✳✹ ❦❛➺❞② ③ ♣✉♥❦tó✇ ❆✐ ♠♦➺♥❛ ♣♦➟→❝③②➣ ❦r③②✇→ ③ ♣✉♥❦t❡♠ ✄ ✇❚♥❚♥❀♠✿ ❩❛t❡♠ ③♠✐❡♥✐❛❥→❝ ❤♦♠♦t♦♣✐❥♥✐❡ ✔ ✭♣r③❡s✉✇❛❥→❝ ❦❛➺❞② ♣✉♥❦t ❆✐ ✇r❛③ ③ ❝❛➟→❦r③②✇→ ❞♦ ♣✉♥❦t✉ ✄ ✇③❞➟✉➺ t❛❦✐❡❥ ❦r③②✇❡❥✮ ♠♦➺❡♠② ③❛➟♦➺②➣✱ ➺❡ ❆✶ ❂ ✿ ✿ ✿ ❂ ❆♠ ❂ ✄✿❙t→❞ ✔ ❥❡st ❤♦♠♦t♦♣✐❥♥❡ s✉♠✐❡ ❡✔✶ ✿ ✿ ✿ ❡✔❦❀ ❣❞③✐❡ ❦❛➺❞❛ ③ ❦r③②✇②❝❤ ❡✔✐ ❥❡st ♣➛t❧→ ✇❘✸ ♥ ❚♥❀♠ ♦ ♣♦❝③→t❦✉ ✐ ❦♦➠❝✉ ✇ ✄ ✐ ♣r③❡❜✐❡❣❛ ❛❧❜♦ ✇ ❘✸ ♥ ❚ ❛❧❜♦ ✇ ■♥t❚✳ ❩❛t❡♠❦❛➺❞❛ ♣➛t❧❛ ❡✔✐ ❥❡st ❤♦♠♦t♦♣✐❥♥❛ ✇✐❡❧♦❦r♦t♥♦➧❝✐ ✌ ❛❧❜♦ ✇✐❡❧♦❦r♦t♥♦➧❝✐ ✍✿ ❩❛t❡♠ ✌ ✐✍ s→ ❣❡♥❡r❛t♦r❛♠✐ ❣r✉♣② ✙✶✭❘✸ ♥ ❚♥❀♠❀ ✄✮✿❖❦r❡➧❧✐♠② t❡r❛③ r❡❧❛❝❥➛ ♠✐➛❞③② ✌ ✐ ✍ ✇ ✙✭❚♥❀♠✮✿ ◆✐❡❝❤ ✄ ❂ ♣✭✑✵❀ ✒✵✮✿ ❘♦③✇❛➺♠②♣➛t❧➛ ✔✵ ❜➛❞→❝→ ♦❜r❛③❡♠ ♦❞❝✐♥❦❛ ❬✭✑✵❀ ✒✵✮❀ ✭✑✵ ✰ ♥❀ ✒✵ ✰♠✮❪ ③❛ ♣♦♠♦❝→ ♣✿ ❏❡st t♦♣➛t❧❛ ♦ ♣♦❝③→t❦✉ ✐ ❦♦➠❝✉ ✇ ♣✉♥❦❝✐❡ ✄❀ ❧❡➺→❝❛ ✇ ❚ ♥ ❚♥❀♠❀ ✧ró✇♥♦❧❡❣➟❛✧ ❞♦ ❚♥❀♠ ✇❚ ♦❜✐❡❣❛❥→❝❛ ❚ ♥✲r❛③② ✇③❞➟✉➺ ✐ ♠✲r❛③② ✇♦❦ó➟✳

❩♠✐❡➠♠② ❤♦♠♦t♦♣✐❥♥✐❡ ♣➛t❧➛ ✔✵ ✭♣♦③♦st❛✇✐❛❥→❝ ♣♦❝③→t❡❦ ✐ ❦♦♥✐❡❝ ✇ ♣✉♥❦❝✐❡ ✄✮ ♥❛❞✇❛ s♣♦s♦❜②✿
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✶✳ ✧✇②❝✐→❣❛❥→❝✧ ♣➛t❧➛ ✔✵ ③ ❚✿ ❖tr③②♠❛♠② ❤♦♠♦t♦♣✐❥♥→ ♣➛t❧➛ ❧❡➺→❝→ ✇ ❘✸ ♥ ❚♦❜✐❡❣❛❥→❝→ ❚ ♠✲r❛③② ❞♦♦❦♦➟❛✳ ❩❛t❡♠ ✔✵ ❥❡st ❤♦♠♦t♦♣✐❥♥❛ ③ ✌♠✿✷✳ ✧✇❝✐s❦❛❥→❝✧ ♣➛t❧➛ ✔✵ ❞♦ ✇♥➛tr③❛ ❚✿❖tr③②♠❛♠② ♣➛t❧➛ ❧❡➺→❝→ ✇ ❚ ♣r③❡❜✐❡❣❛❥→❝→❚ ♥✲r❛③② ✇③❞➟✉➺✳ ❩❛t❡♠ ✔✵ ❥❡st ❤♦♠♦t♦♣✐❥♥❛ ③ ✍♥✿❲ ❦♦♥s❡❦✇❡♥❝❥✐

▲❡♠❛t ✸✳✾✳ ❉❧❛ ♣➛t❧✐ ✌ ✐ ✍ ✇ ✙✭❚♥❀♠✮ ♠❛♠②
✌♠ ❂ ✍♥✿

❏❡st t♦ ❥❡❞②♥❛ ♥✐❡tr②✇✐❛❧♥❛ r❡❧❛❝❥❛ ♠✐➛❞③② ✌ ✐ ✍ ✇ ✙✭❚♥❀♠✮✿ ❉♦ ♣r❡❝②③②❥♥❡❣♦✉③❛s❛❞♥✐❡♥✐❛ t❡❣♦ ❢❛❦t✉ ③❛st♦s✉❥❡♠② t✇✐❡r❞③❡♥✐❡ ❙❡✐❢❡rt❛✲✈❛♥ ❑❛♠♣❡♥❛ ✭③♦❜✳ ♥♣✳❬❈❋❪✱ ❬❉❪✮✳
❚✇✐❡r❞③❡♥✐❡ ✸✳✶✵✳ ❉❧❛ ✇③❛❥❡♠♥✐❡ ♣✐❡r✇s③②❝❤ ♥❀♠ ✷ ◆

✙✭❚♥❀♠✮ ❂ ❋✭✌❀ ✍✮❂ �✍♥✌�♠✁ ✿
❉♦✇ó❞✳ ❩❡ ✇③❣❧➛❞✉ ♥❛ ❦❛♥♦♥✐❝③♥② ❤♦♠❡♦♠♦r✜③♠ ❋ ✿ ❅P ✦ ❙✸ r♦③✇❛➺❛♥✐❛❜➛❞③✐❡♠② ♣r♦✇❛❞③✐➣ ✇ ❙✸ ❂ ❘✸❬❢✶❣✿ Pr③②♣♦♠♥✐❥♠②✱ ➺❡ ❚♥❀♠ ✚ ❚ st ✚ ❙✸✿ ❲❡➵♠②♣♦❞ ✉✇❛❣➛ ❞✇❛ ③❜✐♦r② ♦t✇❛rt❡ ❯✶ ✐ ❯✷ ✇ ❙✸✿ P✐❡r✇s③② ③ ♥✐❝❤ ❯✶ ✇ ♣r③❡❝✐➛❝✐✉ ③ ❦❛➺❞→♣ó➟♣➟❛s③❝③②③♥→ ③❛✇✐❡r❛❥→❝→ ♦➧ ❖③ ❥❡st ♦t✇❛rt②♠ ♦❦r➛❣✐❡♠ ♦ ➧r♦❞❦✉ ✇ ♣✉♥❦❝✐❡✭✵❀ ✷✮ ✐ ♣r♦♠✐❡♥✐✉ ✸❂✷ ✭③❛✉✇❛➺♠②✱ ➺❡ t♦r✉s ❚ st ✇ ♣r③❡❝✐➛❝✐✉ ③ t→ ♣ó➟♣➟❛s③❝③②③♥→ ❥❡st♦❦r➛❣✐❡♠ ♦ ➧r♦❞❦✉ ✇ ♣✉♥❦❝✐❡ ✭✵❀ ✷✮ ✐ ♣r♦♠✐❡♥✐✉ ✶ ✇ ❦tór②♠ ❧❡➺② ♥ ♣✉♥❦tó✇ ✇➛③➟❛❚♥❀♠ r♦③♠✐❡s③❝③♦♥②❝❤ s②♠❡tr②❝③♥✐❡✮ ③ ✉s✉♥✐➛t②♠✐ ♦❞❝✐♥❦❛♠✐ ✇③❞➟✉➺ ♣r♦♠✐❡♥✐ t❡❣♦♦❦r➛❣✉ ♦ ❥❡❞♥②♠ ③ ❦r❛➠❝ó✇ ✇ ♣✉♥❦t❛❝❤ ❚♥❀♠

❉r✉❣✐ ③❜✐ór ❯✷ ✇ ♣r③❡❝✐➛❝✐✉ ③ ❦❛➺❞→ ③ t②❝❤ ♣ó➟♣➟❛s③❝③②③♥ ❥❡st ③❡✇♥➛tr③❡♠ ✭✇r❛③③ ♣✉♥❦t❡♠ ✶✮ ♦❦r➛❣✉ ♦ ➧r♦❞❦✉ ✇ ♣✉♥❦❝✐❡ ✭✵❀ ✷✮ ✐ ♣r♦♠✐❡♥✐✉ ✶❂✷ ③ ✉s✉♥✐➛t②♠✐



❲❺❩❾❨ ❚❖❘❨❈❩◆❊ P■❊❘❲❙❩❊●❖ ❘❩❺❉❯ ✹✶
♦❞❝✐♥❦❛♠✐ ✇③❞➟✉➺ ♣r♦♠✐❡♥✐ t❡❣♦ ♦❦r➛❣✉ ♦ ❥❡❞♥②♠ ③ ❦r❛➠❝ó✇ ✇ ♣✉♥❦t❛❝❤ ❚♥❀♠✿

❩❜✐♦r② ❯✶❀ ❯✷ s→ ♦t✇❛rt❡✱ ➟✉❦♦✇♦ s♣ó❥♥❡✱ ❯✶ ❬ ❯✷ ❂ ❙✸ ♦r❛③ ✙✶✭❯✶❀ ✄✮ ❂ ❋✭✍✮❀✙✶✭❯✷❀ ✄✮ ❂ ❋✭✌✮✿ ❩❜✐ór ❯✶ ❭ ❯✷ ❥❡st ➟✉❦♦✇♦ s♣ó❥♥②✱ ♠❛ ❣r✉♣➛ ❢✉♥❞❛♠❡♥t❛❧♥→ró✇♥→ ✙✶✭❚ ♥ ❚♥❀♠❀ ✄✮❀ ❣❞②➺ ❦❛➺❞❛ ♣➛t❧❛ ✇ ❯✶ ❭ ❯✷ ♦ ♣♦❝③→t❦✉ ✐ ❦♦➠❝✉ ✇ ✄ ❥❡st♦❝③②✇✐➧❝✐❡ ❤♦♠♦t♦♣✐❥♥❛ ♣➛t❧✐ ❧❡➺→❝❡❥ ✇ ❚ ♥ ❚♥❀♠✿ ❆❧❡ ✙✶✭❚ ♥ ❚♥❀♠❀ ✄✮ ❂ ❋✭✔✮ ✭③♦❜✳st✇✐❡r❞③❡♥✐❡ ✸✳✼✮✱ ❣❞③✐❡ ❦r③②✇❛ ③❛♠❦♥✐➛t❛ ✔ ❥❡st ♦❜r❛③❡♠ ③❛ ♣♦♠♦❝→ ♣ ♦❞❝✐♥❦❛✭✑❀ ✒✮❀ ✭✑ ✰ ♥❀ ✒ ✰♠✮ ♦r❛③ ♣✭✑❀ ✒✮ ❂ ✄✿ ❍♦♠♦♠♦r✜③♠②
✬✐ ✿ ✙✶✭❯✶ ❭ ❯✷❀ ✄✮ ✦ ✙✶✭❯✐❀ ✄✮❀ ✐ ❂ ✶❀ ✷❀

♦❦r❡➧❧♦♥❡ s→ ♥❛ ❣❡♥❡r❛t♦r③❡ ✔ ♥❛st➛♣✉❥→❝♦
✬✶✭✔✮ ❂ ✍♥❀
✬✷✭✔✮ ❂ ✌♠✿

■st♦t♥✐❡✱ ✙✶ ✍ ✔✭t✮ ❂ ✙✶ ✍ ♣✭✑ ✰ t♥❀ ✒ ✰ t♠✮ ❂ ❡✷✙✐✭✑✰t♥✮ ❂ ❡✷✙✐✑❡✷✙✐t♥ ❞❧❛ t ✷ ❬✵❀ ✶❪❀❛ st→❞ ■♥❞✵ ✙✶ ✍ ✔ ❂ ♥✿ ❩❛t❡♠ ✔❀ r♦③✇❛➺❛♥❛ ❥❛❦♦ ♣➛t❧❛ ✇ ❯✶❀ ❥❡st ❤♦♠♦t♦♣✐❥♥❛✍♥✿ P♦❞♦❜♥✐❡ ✇②❦❛③✉❥❡♠②✱ ➺❡ ✔ r♦③✇❛➺❛♥❛ ❥❛❦♦ ♣➛t❧❛ ✇ ❯✷ ❥❡st ❤♦♠♦t♦♣✐❥♥❛ ✌♠✿❩❛t❡♠ ♥❛ ♠♦❝② t✇✐❡r❞③❡♥✐❛ ❙❡✐❢❡rt❛✲✈❛♥ ❑❛♠♣❡♥❛
✙✭❚♥❀♠✮ ❂ ✙✶✭❅P ♥ ❚♥❀♠❀ ✄✮ ❂ ❋✭✌❀ ✍✮❂ �✍♥✌�♠✁

❲❡➵♠② t❡r❛③ ♣♦❞ ✉✇❛❣➛ s③❝③❡❣ó❧♥→ ♣➛t❧➛ t ♦ ♣♦❝③→t❦✉ ✐ ❦♦➠❝✉ ✇ ✄



✹✷ ❲❺❩❾❨ ❚❖❘❨❈❩◆❊ P■❊❘❲❙❩❊●❖ ❘❩❺❉❯
❣❞③✐❡ ♣✉♥❦t◗ ró➺♥✐ s✐➛ ♦❞ ♣✉♥❦t✉ ✄ ♦ ❛r❣✉♠❡♥t ✷✙♠ ♣✐❡r✇s③❡❥ ✇s♣ó➟r③➛❞♥❡❥✳ ❉♦❦➟❛❞✲♥✐❡❥✱ ❥❡➧❧✐ ◗ ❂ ✭❡✷✙✐✑❀ ❡✷✙✐✒✮❀ t♦ ✄ ❂ ✭❡✷✙✐✭✑�✶❂♠✮❀ ❡✷✙✐✒✮✿ ◆❛❥♣✐❡r✇ ♣r③❡❞st❛✇✐♠② t③❛ ♣♦♠♦❝→ ❣❡♥❡r❛t♦ró✇✳
▲❡♠❛t ✸✳✶✶✳ ❲ ✙✭❚♥❀♠✮ t ❂ ✍❛✌�❜❀❣❞③✐❡ ❛❀ ❜ ✷ ◆ ♦r❛③ ❛♠� ❜♥ ❂ ✶✿
❉♦✇ó❞✳ ◆✐❡❝❤ ♣✭✑❀ ✒✮ ❂ ◗✿ ◆❛ ♠♦❝② ❧❡♠❛t✉ ✸✳✺ ♣✉♥❦t ◗ ♠♦➺♥❛ ♣♦➟→❝③②➣ ③♣✉♥❦t❡♠ ✄ ✇ ❚ ♥ ❚♥❀♠ ③❛ ♣♦♠♦❝→ ❦r③②✇❡❥ ❜➛❞→❝❡❥ ♦❜r❛③❡♠✱ ③❛ ♣♦♠♦❝→ ♣❀ ♦❞❝✐♥❦❛❬✭✑❀ ✒✮❀ ✭✑ � ✶♠ ✰ ❛❀ ✒ ✰ ❜✮❪✳ ◆❛ ♠♦❝② ✇➟❛s♥♦➧❝✐ ✺ ♥❛❦r②❝✐❛ ✉♥✐✇❡rs❛❧♥❡❣♦ ♣ ❦r③②✇❛t❛ ♦❜✐❡❣❛ t♦r✉s ❚ ✭❛� ✶♠ ✮✲r❛③② ✇③❞➟✉➺ ✐ ❜✲r❛③② ✇♦❦ó➟✳ P♦♥✐❡✇❛➺ ◗ ✐ ✄ ró➺♥✐→ s✐➛ ♦❛r❣✉♠❡♥t ✷✙♠ ♣✐❡r✇s③❡❥ ✇s♣ó➟r③➛❞♥❡❥✱ ✇✐➛❝ ③ ❞♦✇♦❞✉ ❣❡♥❡r♦✇❛♥✐❛ ✙✭❚♥❀♠✮ ♣r③❡③ ✌✐ ✍ ♦tr③②♠✉❥❡♠②✱ ➺❡ t ❂ ✍❛✌�❜✿

❩ ✉✇❛❣✐ ✷ ✇②♥✐❦❛✱ ➺❡ ♣➛t❧❛ t❀ ❛ ❞♦❦➟❛❞♥✐❡❥ ❥❡❥ ❦❧❛s❛ ❛❜str❛❦❝❥✐ ❬t❪ ❥❡st ❣❡♥❡r❛t♦r❡♠❛❜❡❧✐❛♥✐③❛❝❥✐ ✙✭❚♥❀♠✮✵ ✿❂ ✙✭❚♥❀♠✮❂❬✙✭❚♥❀♠✮❀ ✙✭❚♥❀♠✮❪✿ ❲ s③❝③❡❣ó❧♥♦➧❝✐ ❦❧❛s② ❬✌❪ ✐❬✍❪ s→ ❣❡♥❡r♦✇❛♥❡ ♣r③❡③ ❬t❪✿ ❉♦❦➟❛❞♥✐❡❥
▲❡♠❛t ✸✳✶✷✳ ❲ ✙✭❚♥❀♠✮✵

❬✌❪ ❂ ❬t❪♥❀
❬✍❪ ❂ ❬t❪♠✿

❉♦✇ó❞✳ P♦♥✐❡✇❛➺ ✙✭❚♥❀♠✮✵ ❥❡st ✐③♦♠♦r✜❝③♥❡ ③ ❍✶✭❙✸ ♥ ❚♥❀♠❀❩✮❀ ✇✐➛❝ r♦③✇❛➺❛♥✐❛♣r♦✇❛❞③✐♠② ✇ ❥➛③②❦✉ ❤♦♠♦❧♦❣✐✐✳ ◆✐❡❝❤ ♣✭✑❀ ✒✮ ❂ ✄✳ P➛t❧❛ ✭❝②❦❧✮ t ❥❡st ❤♦♠♦❧♦❣✐❝③♥❛❦❛➺❞❡♠✉ ❝②❦❧♦✇✐ t✐ ❧❡➺→❝❡♠✉ ✇ ♣➟❛s③❝③②➵♥✐❡ ❢❡✷✙✐✑❣ ✂❈ ✐ ♦t❛❝③❛❥→❝❡♠✉ ❥❡❞♥→ ♥✐➣❚♥❀♠ ♦r❛③ ♣➛t❧❛ ✭❝②❦❧✮ ✌ ❥❡st ❤♦♠♦❧♦❣✐❝③♥❛ ❝②❦❧♦✇✐ ✌✵ ♦t❛❝③❛❥→❝❡♠✉ ✇s③②st❦✐❡♣✉❦t② ❚♥❀♠✿

P♦♥✐❡✇❛➺ ✇ ♣➟❛s③❝③②➵♥✐❡ ❢❡✷✙✐✑❣✂❈❀ ③❜✐ór �❢❡✷✙✐✑❣ ✂ ❈✁❭❚♥❀♠ ❥❡st ♥✲❡❧❡♠❡♥t♦✇②✱✇✐➛❝ ❝②❦❧ ✌✵ ❥❡st ❤♦♠♦❧♦❣✐❝③♥② s✉♠✐❡ ❝②❦❧✐ t✐❀ ♦t❛❝③❛❥→❝②❝❤ t❡ ♣✉♥❦t②✳ ❩❛t❡♠



❲❺❩❾❨ ❚❖❘❨❈❩◆❊ P■❊❘❲❙❩❊●❖ ❘❩❺❉❯ ✹✸
❬✌✵❪ ❂ ♥❬t❪ ✇ ❍✶✭❙✸ ♥ ❚♥❀♠❀❩✮✿ ❩❛t❡♠ ✇ ③❛♣✐s✐❡ ♠✉❧t✐♣❧✐❦❛t②✇♥②♠ ✇ ✙✭❚♥❀♠✮✵♠❛♠② ❬✌❪ ❂ ❬t❪♥✿❉❧❛ ♣➛t❧✐ ✍ ♠♦➺❡♠② ♣r③❡♣r♦✇❛❞③✐➣ ♣♦❞♦❜♥❡ r♦③✉♠♦✇❛♥✐❡✳ ❖tr③②♠❛♠② ✇ ✙✭❚♥❀♠✮✵

❬✍❪ ❂ ❬t❪♠✿
▼♦➺❡♠② t❡r❛③ ♣r③②st→♣✐➣ ❞♦ ♦❜❧✐❝③❡♥✐❛ ✇✐❡❧♦♠✐❛♥ó✇ ❆❧❡❦s❛♥❞❡r❛ ✇➛③➟ó✇ ❚♥❀♠✿

❚✇✐❡r❞③❡♥✐❡ ✸✳✶✸✳ ❉❧❛ ❞♦✇♦❧♥②❝❤ ✇③❛❥❡♠♥✐❡ ♣✐❡r✇s③②❝❤ ❧✐❝③❜ ♥❛t✉r❛❧♥②❝❤ ♥❀♠♠❛♠②
❆❚♥❀♠✭t✮ ❂ ✭t♥♠ � ✶✮✭t� ✶✮✭t♥ � ✶✮✭t♠ � ✶✮ ✿

❉♦✇ó❞✳ P♦♥✐❡✇❛➺ ✙✭❚♥❀♠✮ ❂ ❋✭①❀ ②✮❂ ✭①♥②�♠✮ ❀ ✇✐➛❝ ❥❡❞②♥→ r❡❧❛❝❥→ ❥❡st ①♥②�♠✿P♦♥✐❡✇❛➺❅ ✭①♥②�♠✮❅① ❂ ✶ ✰ ①✰ ✿ ✿ ✿✰ ①♥�✶ ❂ ①♥ � ✶①� ✶ ❀
❅ ✭①♥②�♠✮❅② ❂ �①♥②�✶ � ①♥②�✷ � ✿ ✿ ✿� ①♥②�♠ ❂ �①♥②�♠ ②♠ � ✶② � ✶ ❀

✇✐➛❝
▼✙✭❚♥❀♠✮ ❂

✔①♥ � ✶①� ✶ ❀�①♥②�♠ ②♠ � ✶② � ✶
✕ ✿

◆❛ ♠♦❝② ❧❡♠❛t✉ ✸✳✶✶ t ❂ ①❛②�❜ ❥❡st ❣❡♥❡r❛t♦r❡♠ ✙✭❚♥❀♠✮✵❀ ❛ ③ ❧❡♠❛t✉ ✸✳✶✷ ① ❂ t♠♦r❛③ ② ❂ t♥✿ ❲♦❜❡❝ t❡❣♦
▼ ✵✙✭❚♥❀♠✮ ❂

✔ t♠♥ � ✶t♠ � ✶ ❀� t♥♠ � ✶t♥ � ✶
✕ ✿

❙t→❞
❆❚♥❀♠✭t✮ ❂ ◆❲❉✒ t♠♥ � ✶t♠ � ✶ ❀� t♠♥ � ✶t♥ � ✶

✓ ❂ ✭t♠♥ � ✶✮✭t� ✶✮✭t♠ � ✶✮✭t♥ � ✶✮ ✿❖st❛t♥✐❛ ró✇♥♦➧➣ ✇②♥✐❦❛ ③ ③❛➟♦➺❡♥✐❛✱ ➺❡ ◆❲❉✭♥❀♠✮ ❂ ✶ ✐ ③ ♣r♦st②❝❤ ❢❛❦tó✇ ♦♣✐❡r✇✐❛st❦❛❝❤ ③ ❥❡❞②♥❦✐✳❚♦ ❦♦➠❝③② ❞♦✇ó❞✳❲ s③❝③❡❣ó❧♥♦➧❝✐ ❞❧❛ ✇➛③➟❛ tr②✇✐❛❧♥❡❣♦❚✶❀✶ ♦tr③②♠✉❥❡♠② ❆❚✶❀✶✭t✮ ✑ ✶✿ ❙t→❞❞♦st❛❥❡♠②
❲♥✐♦s❡❦ ✸✳✶✹✳ ❏❡➧❧✐ ❚ ❥❡st ✇➛③➟❡♠ tr②✇✐❛❧♥②♠✱ t♦ ❆❚ ✭t✮ ✑ ✶✿

❙t→❞ ♦tr③②♠✉❥❡♠② t♦♣♦❧♦❣✐❝③♥→ ❦❧❛s②✜❦❛❝❥➛ ✇➛③➟ó✇ t♦r②❝③♥②❝❤ ♣✐❡r✇s③❡❣♦ r③➛❞✉✳
❚✇✐❡r❞③❡♥✐❡ ✸✳✶✺✳ ❲➛③❡➟ t♦r②❝③♥② ♣✐❡r✇s③❡❣♦ r③➛❞✉ ❚♥❀♠❀ ❥❡st tr②✇✐❛❧♥② ✇t❡❞②✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② ♥ ❂ ✶ ❧✉❜ ♠ ❂ ✶✿ ❉✇❛ ✇➛③➟② t♦r②❝③♥❡ ♣✐❡r✇s③❡❣♦ r③➛❞✉ ❚♥❀♠✐ ❚❦❀❧❀ ♥❀♠❀ ❦❀ ❧ ✕ ✷❀ s→ ró✇♥♦✇❛➺♥❡ ✇t❡❞② ✐ t②❧❦♦ ✇t❡❞②✱ ❣❞② ✭♥❀♠✮ ❂ ✭❦❀ ❧✮ ❧✉❜✭♥❀♠✮ ❂ ✭❧❀ ❦✮ ✿
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❉♦✇ó❞✳ P✐❡r✇s③❛ ❝③➛➧➣ t✇✐❡r❞③❡♥✐❛ ✇②♥✐❦❛ ③ ✉✇❛❣✐ ✸✳✷ ♦r❛③ ③ ❢❛❦t✉✱ ➺❡ ❞❧❛ ♥❀♠ ✕✷ ✇✐❡❧♦♠✐❛♥ ❆❧❡❦s❛♥❞❡r❛ ✇➛③➟❛ ❚♥❀♠ ♥✐❡ ❥❡st st❛➟② ✭❞❡❣❆❚♥❀♠ ❃ ✵✮✿❩❛➟ó➺♠②✱ ➺❡ ✇➛③➟② ❚♥❀♠ ✐ ❚❦❀❧❀ ♥❀♠❀ ❦❀ ❧ ✕ ✷❀ s→ ró✇♥♦✇❛➺♥❡✳ ❲ó✇❝③❛s ✐❝❤ ❣r✉♣②s→ ✐③♦♠♦r✜❝③♥❡✳ ❙t→❞ ❆❚♥❀♠ ❂ ❆❚❦❀❧ ❀ ❝③②❧✐
✭✺✮ ✭t♠♥ � ✶✮✭t� ✶✮✭t♠ � ✶✮✭t♥ � ✶✮ ❂ ✭t❦❧ � ✶✮✭t� ✶✮✭t❦ � ✶✮✭t❧ � ✶✮ ✿
❙t→❞ ✇②♥✐❦❛✱ ➺❡
✭✻✮ ♠♥ ❂ ❦❧
■st♦t♥✐❡✱ ✇ ♣r③❡❝✐✇♥②♠ ❜♦✇✐❡♠ ♣r③②♣❛❞❦✉✱ ♥♣✳ ❣❞②❜② ♠♥ ❃ ❦❧❀ t♦ ♥❛ ♠♦❝② ③❛✲➟♦➺❡♥✐❛✱ ➺❡ ♥❀♠❀ ❦❀ ❧ ✕ ✷❀ ♣❡✇✐❡♥ ♣✐❡r✇♦t♥② ♣✐❡r✇✐❛st❡❦ ③ ❥❡❞♥♦➧❝✐ st♦♣♥✐❛♠♥ ❜②➟❜②♣✐❡r✇✐❛st❦✐❡♠ ✇✐❡❧♦♠✐❛♥✉ ♣♦ ❧❡✇❡❥ str♦♥✐❡ ró✇♥♦➧❝✐ ✭✺✮ ❛ ♥✐❡ ❜②➟❜② ♣✐❡r✇✐❛st❦✐❡♠✇✐❡❧♦♠✐❛♥✉ ♣♦ ♣r❛✇❡❥ str♦♥✐❡❀ ❝♦ ♥✐❡♠♦➺❧✐✇❡✳P♦♥♦✇♥✐❡ ③ ✭✺✮ ✇②♥✐❦❛ ✇ s♣♦só❜ ♣♦❞♦❜♥② ❞♦ ♣♦✇②➺s③❡❣♦ ✭♣♦ró✇♥✉❥→❝ ♣✐❡r✲✇✐❛st❦✐ ♣✐❡r✇♦t♥❡ ♦❞♣♦✇✐❡❞♥✐❝❤ st♦♣♥✐✮✱ ➺❡
✭✼✮ ♠ ❂ ❦ ❧✉❜ ♠ ❂ ❧✿
■st♦t♥✐❡✱ ✇ ♣r③❡❝✐✇♥②♠ ♣r③②♣❛❞❦✉✱ ♥♣✳ ❣❞②❜② ♠ ❃ ❦ ✐ ♠ ❃ ❧❀ t♦ ③ ró✇♥♦➧❝✐✭✺✮ ✇②♥✐❦❛➟♦❜②✱ ➺❡ ♣❡✇✐❡♥ ♣✐❡r✇♦t♥② ♣✐❡r✇✐❛st❡❦ ③ ❥❡❞♥♦➧❝✐ st♦♣♥✐❛ ♠ ❜②➟❜② ♣✐❡r✲✇✐❛st❦✐❡♠ ✇✐❡❧♦♠✐❛♥✉ ♣♦ ♣r❛✇❡❥ str♦♥✐❡ ró✇♥♦➧❝✐✱ ❛ ♥✐❡ ❜②➟❜② ♣✐❡r✇✐❛st❦✐❡♠ ✇✐❡❧♦✲♠✐❛♥✉ ♣♦ ❧❡✇❡❥ str♦♥✐❡❀ ❝♦ ♥✐❡♠♦➺❧✐✇❡✳ P♦❞♦❜♥✐❡ ✇ ♣♦③♦st❛➟②❝❤ ♣r③②♣❛❞❦❛❝❤✳ ❩ró✇♥♦➧❝✐ ✭✻✮ ✐ ✭✼✮ ♦tr③②♠✉❥❡♠②✱ ➺❡ ✭♥❀♠✮ ❂ ✭❦❀ ❧✮ ❧✉❜ ✭♥❀♠✮ ❂ ✭❧❀ ❦✮ ✿❏❡➧❧✐ ✭♥❀♠✮ ❂ ✭❦❀ ❧✮ ❧✉❜ ✭♥❀♠✮ ❂ ✭❧❀ ❦✮ ❀ t♦ ♦❞✇③♦r♦✇❛♥✐❡ t♦➺s❛♠♦➧➣ ✇ ♣✐❡r✇s③②♠♣r③②♣❛❞❦✉✱ ❛ ③❛♠✐❛♥❛ ③♠✐❡♥♥②❝❤ ✭①❀ ②✮ ✼✦ ✭②❀ ①✮ ✇ ❞r✉❣✐♠ s→ ❤♦♠❡♦♠♦r✜③♠❛♠✐③❛❞❛❥→❝②♠✐ ró✇♥♦✇❛➺♥♦➧➣ ✇➛③➟ó✇✳❚♦ ❦♦➠❝③② ❞♦✇ó❞✳
❯✇❛❣❛ ✸✳✶✻✳ ❖❝③②✇✐➧❝✐❡ ♠♦➺♥❛ r♦③✇❛➺❛➣ ró✇♥✐❡➺ ✇➛③➟② t♦r②❝③♥❡ ❚♥❀♠ ❞❧❛ ❞♦✇♦❧✲♥②❝❤ ❝❛➟❦♦✇✐t②❝❤ ♥❀♠ ✷ ❩ ♥ ❢✵❣ ♣r③② ③❛➟♦➺❡♥✐✉ ◆❲❉✭♥❀♠✮ ❂ ✶ ✭✇②❦❧✉❝③❡♥✐❡♣r③②♣❛❞❦✉ ♥ ❂ ✵ ❛❧❜♦ ♠ ❂ ✵ ✇②♥✐❦❛ ③ t❡❣♦✱ ➺❡ ♦tr③②♠✉❥❡♠② ✇t❡❞② ✇➛③➟② tr②✇✐❛❧♥❡❧❡➺→❝❡ ✇ ❅P❀ ❛❧❡ ♥✐❡ ❧❡➺→❝❡ ✇ t♦r✉s✐❡ ❚ ✮✿ ❲s③②st❦✐❡ ♣♦✇②➺s③❡ r♦③✉♠♦✇❛♥✐❛ s→ ❛♥❛✲❧♦❣✐❝③♥❡ ③ ♦❝③②✇✐st②♠✐ ③♠✐❛♥❛♠✐✳ ❖❣r❛♥✐❝③❡♥✐❡ ♥❛s③②❝❤ r♦③✇❛➺❛➠ ❞♦ ❞♦❞❛t♥✐❝❤♥❀♠ ✇②♥✐❦❛ ③ ❢❛❦t✉✱ ➺❡ t❛❦✐❡ ✇➛③➟② ♦tr③②♠✉❥❡♠② ③ ❦r③②✇②❝❤ ❛♥❛❧✐t②❝③♥②❝❤✳

❘❡❢❡r❡♥❝❡s
❬❇❑❪ ❇r✐❡s❦♦r♥ ❊✳✱ ❑♥örr❡r ❍✳✱ P❧❛♥❡ ❆❧❣❡❜r❛✐❝ ❈✉r✈❡s✱ ❇✐r❦❤ä✉s❡r ❱❡r❧❛❣✱ ❇❛s❡❧✲❇♦st♦♥✲❙t✉tt❣❛rt✱ ✶✾✽✻✳❬❇❪ ❇r❛✉♥❡r ❑✳✱ ❩✉r ●❡♦♠❡tr✐❡ ❞❡r ❋✉♥❦t✐♦♥❡♥ ③✇❡✐❡r ❦♦♠❧❡①❡r ❱❡rä♥❞❡r❧✐❝❤❡r ■■✳ ❆❜❤✳ ▼❛t❤✳❙❡♠✐♥✳❍❛♠❜✳ ❯♥✐✈✳ ✻✭✶✾✷✽✮✱ ✶✕✺✺✳❬❇✉✶❪ ❇✉r❛✉ ❲✳✱ ❑❡♥♥③❡✐❝❤♥✉♥❣ ❞❡r ❙❝❤❧❛✉❝❤❦♥♦tt❡♥✳ ❆❜❤✳ ▼❛t❤✳ ❙❡♠✐♥✳❍❛♠❜✳ ❯♥✐✈✳ ✾✭✶✾✸✷✮✱✶✷✺✕✶✸✸✳❬❇✉✷❪ ❇✉r❛✉ ❲✳✱ ❑❡♥♥③❡✐❝❤♥✉♥❣ ❞❡r ❙❝❤❧❛✉❝❤✈❡r❦❡tt✉♥❣❡♥✳ ❆❜❤✳ ▼❛t❤✳ ❙❡♠✐♥✳❍❛♠❜✳ ❯♥✐✈✳✶✵✭✶✾✸✹✮✱ ✷✽✺✕✷✾✼✳❬❈❋❪ ❈r♦✇❡❧❧ ❘✳ ❍✳✱ ❋♦① ❘✳ ❍✳✱ ■♥tr♦❞✉❝t✐♦♥ t♦ ❦♥♦t t❤❡♦r②✳ ❉♦✈❡r ✷✵✵✽✳❬❉❪ ❉✉❞❛ ❘✳✱ ❲♣r♦✇❛❞③❡♥✐❡ ❞♦ t♦♣♦❧♦❣✐✐✳ ❈③➛➧➣ ■■✳ P❲◆ ✶✾✽✻✳
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❙✐♥❣✉❧❛r✐t✐❡s✱ Pr✐♥❝❡t♦♥ ❯♥✐✈❡rs✐t② Pr❡ss✱ Pr✐♥❝❡t♦♥ ✶✾✽✺✳❬●▲❪ ●♦r❞♦♥ ❈✳ ▼❝❆✱ ▲✉❡❝❦❡ ❏✳✱ ❑♥♦ts ❛r❡ ❞❡t❡r♠✐♥❡❞ ❜② t❤❡✐r ❝♦♠♣❧❡♠❡♥ts✳ ❇✉❧❧✳ ❆▼❙ ✷✵✭✶✾✽✾✮✱ ✽✸✕✽✼✳❬❑❪ ❑ä❤❧❡r ❊✳✱ Ü❜❡r ❞✐❡ ❱❡r③✇❡✐❣✉♥❣ ❡✐♥❡r ❛❧❣❡❜r❛✐s❝❤❡♥ ❋✉♥❦t✐♦♥ ③✇❡✐❡r ❱❡rä♥❞❡r❧✐❝❤❡♥ ✐♥
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