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Theorem 1 (Serre)

Let X be an affine variety over an algebraically closed field and F be a
coherent sheaf on X. Then F is spanned by its global sections.
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Theorem 1 (Serre)

Let X be an affine variety over an algebraically closed field and F be a
coherent sheaf on X. Then F is spanned by its global sections.

X will be a non-singular real affine variety with structure sheaf Ox.

Definition 2

A sheaf F of Ox-Modules is called coherent if there exists a finite Zariski
open covering {U;}7_; of X such that for every U; there is an exact
sequence of sheaves
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There are several cases when Theorem A is true:
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There are several cases when Theorem A is true:
@ complex analytic geometry,

@ algebraic geometry over algebraically closed field (Serre)
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There are several cases when Theorem A is true:
@ complex analytic geometry,
@ algebraic geometry over algebraically closed field (Serre)

© scheme theory (Grothendieck, Hartshorne)
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There are several cases when Theorem A is true:
complex analytic geometry,
algebraic geometry over algebraically closed field (Serre)

scheme theory (Grothendieck, Hartshorne)

©00O0

regulous geometry (Fichou, Huisman, Mangolte, Monnier)
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There are several cases when Theorem A is true:

complex analytic geometry,

algebraic geometry over algebraically closed field (Serre)
scheme theory (Grothendieck, Hartshorne)

regulous geometry (Fichou, Huisman, Mangolte, Monnier)

©00O0O0

regulous geometry over Henselian valued fields (Nowak)

Tomasz Kowalczyk (Jagiellonian University inA version of Cartan’s |'heorem A for coherent tédz, January 12, 2018 3/19



Example 1

Let P = X?(X —1)2+ Y2 € R[X, Y]. The polynomial P is irreducible and
has only two zeros c; = (0,0) and c; = (1,0) in R?. Put U; = R?\ {c;}.
The transition function

g12: Uuynt, — GL(].,R) =R*

(x,y) = P(x,y)

defines a vector bundle of rank 1 over R2.
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Example 1

Let P = X?(X —1)2+ Y2 € R[X, Y]. The polynomial P is irreducible and
has only two zeros c; = (0,0) and c; = (1,0) in R?. Put U; = R?\ {c;}.
The transition function

> UiNUy — GL(].,R) = R*

(x,y) = P(x,y)

defines a vector bundle of rank 1 over R?. Global sections can be
described as a pair (51, sp) where s; : Ui — R are regular functions and

= g125. Set s; = Fl where f;, h; are relatively prime polynomials. Then
flhg Pfhi. Since P does not divide ho we obtain that fi = APf, and
ho = A~Yhy, where A € R*. This shows that every algebraic global section
of this bundle vanishes at c;.
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By a multi-blowup we mean a finite composition of blowups along smooth
centers. The basic tool used in these proofs is transformation to simple
normal crossing.
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By a multi-blowup we mean a finite composition of blowups along smooth
centers. The basic tool used in these proofs is transformation to simple
normal crossing.

Definition 3

We say that a regular function g : X — R on a non-singular real algebraic
variety of dimension d is a simple normal crossing if in a neighbourhood of
each point a € X one has

g(x) = u(x)x* = u(x)x{*x5? ... x5

where u(x) is a unit at a, @ € N and x = (x1, x2, . .., x¢) are local
coordinates near a, i.e. x1,x2,...,Xq € O, x is a regular system of
parameters of the local ring O, x.
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By a multi-blowup we mean a finite composition of blowups along smooth
centers. The basic tool used in these proofs is transformation to simple
normal crossing.

Definition 3

We say that a regular function g : X — R on a non-singular real algebraic
variety of dimension d is a simple normal crossing if in a neighbourhood of
each point a € X one has

g(x) = u(x)x* = u(x)x{*x5? ... x5

where u(x) is a unit at a, « € N and x = (x1, x2, ..., Xq) are local
coordinates near a, i.e. x1,x2,...,Xq € O, x is a regular system of
parameters of the local ring O, x.

Theorem 4

Let fi, fa, ..., fx be regular functions on X. Then there exists a
multi-blowup o : X — X such that o*fi,0*f,...,c"f; are simple normal
crossings.

4
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Lemma 5

Let X be a non-singular real affine variety and U = X \ {Q = 0} a Zariski
open subset of X. Every regular function f on U can be written in the form
f = £ where g, P are global regular functions on X and V(P) C V(Q).
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Lemma 5

Let X be a non-singular real affine variety and U = X \ {Q = 0} a Zariski
open subset of X. Every regular function f on U can be written in the form
f = £ where g, P are global regular functions on X and V(P) C V(Q).

Lemma 6

Let X be a non-singular real affine variety, Q@ a regular function on X and
U:= X\ {Q =0}. Then for any f € Ox(U) there exists a multi-blowup
o:X — X and a positive integer N such thaE(QNf)” can be extended to
a global regular function, i.e. (QNf)? € O%(X).

v

If the function f is of the form f = % as a consequence of proof we get
that B
(QY)” € PTOR(X)
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We will now prove a crucial lemma
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We will now prove a crucial lemma
Lemma 7

Let X be a non-singular real affine variety, F a coherent sheaf on X. For
any Q € Ox(X) and a section s € F(X) such that s|y = 0 with

U= X\ {Q =0}, there exists a multi-blowup o : X — X and a positive
integer N such that (QV)?o*s = 0 in o*F(X).
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Proof of Lemma 7

By quasi-compactness, there is a finite Zariski open covering {U;}7_; of X
such that for each / we have:
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Proof of Lemma 7

By quasi-compactness, there is a finite Zariski open covering {U;}7_; of X
such that for each / we have:

1) a presentation
O)pdui ﬁ) Og(ilU,- ﬂ) ‘F|Ui — 0.
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Proof of Lemma 7
By quasi-compactness, there is a finite Zariski open covering {U;}7_; of X
such that for each / we have:

1) a presentation
O)pdui ﬁ) Ofélu,- ﬂ) ‘F|Ui — 0.

2) s|y, = ¥i(t;) for some t; € OF(U).
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Proof of Lemma 7

By quasi-compactness, there is a finite Zariski open covering {U;}7_; of X
such that for each / we have:

1) a presentation
O)pdui ﬂ) O;’HUI. ﬂ) JT"|U,» — 0.
2) s|y, = ¥i(t;) for some t; € OF(U).
By the assumption, t; € (b,-(OQX) for each x € U; N U, and thus

p
tiy = Z fixdi(€f)x,
=1

where ¢; = (0,0,...,0,1,0,...,0) € O%(X) and fj € O x.
Jj
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Proof of Lemma 7
Define the ideal

li ={P;j € Ox(X) : Piti € $;(O%)(U;)} i=1,2,...,n.

Claim: V(;))nU; C V(Q) N U;.
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Proof of Lemma 7
Define the ideal

li ={P;j € Ox(X) : Piti € $;(O%)(U;)} i=1,2,...,n.
Claim: V(li))nU; Cc V(Q)N U;.

Proof.
If x € Ui\ V(Q), then

e = % where gii, hijx € Ox(X), hjj(x) # 0.

Define P; := HJ’-’:1 hijx. Then

p
Piti € Y Ox(X)¢i(ejluy),

j=t

and thus P; € I;. Since Pj(x) # 0 we get, x ¢ V/(I;).
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Proof of Lemma 7

Let Pj1, Pi2, ..., P, be generators of I;. Taking P; := P,-21 4+ 4 P,-Z,i e I,
we get V(P;) C V(Q).
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Proof of Lemma 7

Let Pj1, Pi2, ..., P, be generators of I;. Taking P; := P,-21 4+ 4 P,-Z,i e I,
we get V(P;) C V(Q).
Consider the case i = 1.
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Proof of Lemma 7

Let Pj1, Pi2, ..., P, be generators of I;. Taking P; := P,-21 4+ 4 P,-Q,i e I,

we get V(P;) C V(Q).
Consider the case /i = 1. By the reasoning as in the proof of Lemma 6,
there exist a multi-blowup o7 : X1 — X and a positive integer N; such that

(QM)™ € PP Ox,(X1).
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Proof of Lemma 7

Let Pj1, Pi2, ..., P, be generators of I;. Taking P; := P,-21 4+ 4 P,-Q,i e I,
we get V(P;) C V(Q).

Consider the case /i = 1. By the reasoning as in the proof of Lemma 6,
there exist a multi-blowup o7 : X1 — X and a positive integer N; such that

(QM)™ € PP Ox,(X1).

Hence

(@Y)" ot € ¢7H(O%)(UT)

Tomasz Kowalczyk (Jagiellonian University inA version of Cartan’s A t t8dz, January 12, 2018 10 / 19




Proof of Lemma 7

Let Pj1, Pi2, ..., P, be generators of I;. Taking P; := P,-21 4+ 4 P,-Q,i e I,
we get V(P;) C V(Q).

Consider the case /i = 1. By the reasoning as in the proof of Lemma 6,
there exist a multi-blowup o1 : X; — X and a positive integer Nj such that

(QM)™ € PP Ox,(X1).

Hence
(") oty € 6TH(OR)(UTY)
and thus

(QNI)0101*5| Ui’l =0.
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Proof of Lemma 7

Note that if o1 : X; — X is a blowup and if a covering {U;}7_; of X
satisfies conditions 1) and 2), then so does the covering {U7'}7_;.
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Proof of Lemma 7

Note that if o1 : X; — X is a blowup and if a covering {U;}7_; of X
satisfies conditions 1) and 2), then so does the covering {U7'}7_;. Now
we can repeat the reasoning for Uy to obtain a positive integer No > N;
and a multi-blowup o2 : Xo — Xj such that

(QNz)moag(gl 002)*5|(U1UU2)"1°”2 =0

and so on.
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Proof of Lemma 7

Note that if o1 : X; — X is a blowup and if a covering {U;}7_; of X
satisfies conditions 1) and 2), then so does the covering {U7'}7_;. Now
we can repeat the reasoning for Ugl to obtain a positive integer Np > N
and a multi-blowup o2 : Xo — Xj such that

(QNz)moaz(gl 002)*5|(U1UU2)"1°”2 =0

and so on. We continue this process and obtain a positive integer
N:=N,>N,_1 > > Nljmd a multi-blowup
gi=010--00,: X = X, X := X, such that (QV)?c*s vanishes on

X =(U1UUU---UU,)°. This finishes the proof.

Tomasz Kowalczyk (Jagiellonian University inA version of Cartan’s | heorem A for coherent +édz, January 12, 2018 1/19



Let f : X — Y be a morphism of real algebraic varieties.

Lemma 8

If G is of finite type or coherent sheaf of Oy-Modules generated by
sections s1, 5, ...,Sk € G(Y), then the pull-back f*G is generated by the
pull-back f*sy, f*sy, ..., f*s, € (F*G)(X).
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Lemma 9

Let F be a coherent sheaf on a non-singular real affine variety with local
presentations

O§(|Uf ﬂ>0§’<"|u,- ﬂﬂﬂu,-%o i=1,2,...,n

on a finite Zariski open covering {Ui, Ua, ... U,}. Consider a finite family
of Zariski open sets

V,i=X\{Q =0}, j=1,2,...,m

where Q; are regular functions on X, and sections s; € F(V}). Assume

that every V; is contained in Uy(;y for some i(j) = 1,2,...,n and that for
each s; there is a section tj € (’);"U)(VJ) such that 1;;y(V;)(t;) = s;. Then
there exists a positive integer N and a multi-blowup o : X — X such that
every section (QJ-N)UU*SJ' Jj=1,2,..., m extends to a global section on X.

v
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Proof of Lemma 9

Since taking pull-back under a multi-blowup does not affect the
assumptions, it suffices to consider only one j =1,2, ..., m.
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Proof of Lemma 9

Since taking pull-back under a multi-blowup does not affect the
assumptions, it suffices to consider only one j =1,2,... . m. So fix a j and
let ti = tle;ﬂVj = (tj,'l, tiio, - - -, tjiCIi) where

Ll

tiii = o’ tiin, tiin € Ox(X)
)1
and

V(tj,'/Q) NnU; C V(Qj) N U;.
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Proof of Lemma 9

Since taking pull-back under a multi-blowup does not affect the
assumptions, it suffices to consider only one j =1,2,... . m. So fix a j and
let ti = tj’U;ﬂVj = (tj,'l, tiio, - - -, tjiq,-) where

tiin
L= tin, i € Ox(X)

1_-.., —
)1
tiiro

and
V(tj,'/2) NnU; C V(QJ) N U,.

Using Lemma 6 we can find a positive integer N and a multi-blowup
71 : X1 = X such that

(l’ji/(Qj)Nl)Tl S Oxl(UiTl) for all Jsi, /.

Now define sj; := o7 ((£u(Q;)"1)™).
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Proof of Lemma 9
Then for any two distinct indices ip,i7 we have

(56— 5)lupup € (UG N U}

and

(SAJIS - Eji;)‘uglmufllnvfl =0.
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Proof of Lemma 9
Then for any two distinct indices ip,i7 we have

(5o = 5i)lupnun € (PG N UE
and
(sjio — ijl)‘Ul.;lnglﬂ\/fl =0.

By Lemma 7 we can find a multi-blowup 75 : X — X1 and a positive
integer N such that

(T;.’S—J.\’.;(levl-i-Nz)TlOTz — T;%(QJNI—FNZ)TlOTz)‘UTloTzﬂu_TloTz = O
0 1
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Proof of Lemma 9
Then for any two distinct indices ip,i7 we have

(870 = sji)lypup € (L F)(Ug 0 U
and
(% - gjlvl)‘uflmuﬁmvfl =0.
0 n J

By Lemma 7 we can find a multi-blowup 7 : X — X1 and a positive
integer N such that

G e e e 1
10 Il

Considering all distinct pairs of indices, we can assume that the differences
as above vanish for all those pairs. Therefore the sections

(T;_%(QJ{Vl—&-Nz)ﬂoTzNUTIOQ7 i=1,2,...,n,
1

glue together to a global section on X. Thuso =107 : X — X is the
multi-blowup we are looking for.
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Lemma 10

Let F be a sheaf of Ox-Modules of finite type and let

S1,%,...,5« € F(U) be sections of F on a neighbourhood U of a point
a€e X. If sia,a, ..., Ska generate F,, then six, Sox, - . ., Skx generate Fy
for all x sufficiently close to a.
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Lemma 10

Let F be a sheaf of Ox-Modules of finite type and let

S1,%,...,5« € F(U) be sections of F on a neighbourhood U of a point
a€e X. If sia,a, ..., Ska generate F,, then six, Sox, - . ., Skx generate Fy
for all x sufficiently close to a.

Assume that, under the above assumptions, U := X \ {Q = 0} with some
Q € Ox(X). Then the sections Q"s1, Q"sy, ..., Q"sk generate every stalk
sufficiently close to a because the function Q is invertible in O, x for every
a € U. Now we are ready to prove the main theorem.
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Lemma 10

Let F be a sheaf of Ox-Modules of finite type and let

S1,%,...,5« € F(U) be sections of F on a neighbourhood U of a point
a€e X. If sia,a, ..., Ska generate F,, then six, Sox, - . ., Skx generate Fy
for all x sufficiently close to a.

Assume that, under the above assumptions, U := X \ {Q = 0} with some
Q € Ox(X). Then the sections Q"s1, Q"sy, ..., Q"sk generate every stalk
sufficiently close to a because the function Q is invertible in O, x for every
a € U. Now we are ready to prove the main theorem.

Theorem 11

Let F be a coherent sheaf on a non-singular real affine variety X. Then
there exist a multi-blowup o : X — X and finitely many global sections
S1,52,...,5k on X which generate every stalk (c*F),, y € X.
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Proof of Theorem 11

Consider a finite Zariski open covering {Ui, Ua, ..., Uy} of X with local
presentation of the sheaf F

¢i i 10,'
O§(|U,- — O;’(|U,- — f’U,- — 0.
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Proof of Theorem 11

Consider a finite Zariski open covering {Ui, Ua, ..., Uy} of X with local
presentation of the sheaf F

Oi‘ui ﬂ> O;’(i|Ui ﬂ) f’U,- — 0.
By Lemma 11, for any point a € X there are finitely many sections
Sal, S22y -+ -5 Sam, € ]:(Va)a my €N,

on a Zariski open neighbourhood V, of a, contained in U; for some
i=1,2,...,n, which generate F over V,.
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Proof of Theorem 11

Consider a finite Zariski open covering {Ui, Ua, ..., Uy} of X with local
presentation of the sheaf F

O;‘U; ﬂ) Og(i|Ui ﬂ) -F’U,- — 0.
By Lemma 11, for any point a € X there are finitely many sections
Sal, S22y -+ -5 Sam, € ]:(Va)a my €N,

on a Zariski open neighbourhood V, of a, contained in U; for some
i=1,2,...,n, which generate F over V,. After shrinking V,, we can also
assume that s, = j(tak) for some to € OF(VaL), k=1,2,...,m,.
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Proof of Theorem 11

Consider a finite Zariski open covering {Ui, Ua, ..., Uy} of X with local
presentation of the sheaf F

Of(‘Ui ﬂ> Og(i|Ui ﬂ) -F’U,- — 0.
By Lemma 11, for any point a € X there are finitely many sections
Sal, S22y -+ -5 Sam, € ]:(Va)a my €N,

on a Zariski open neighbourhood V, of a, contained in U; for some
i=1,2,...,n, which generate F over V,. After shrinking V,, we can also
assume that Sak = i(tak) for some ty € OF(Va), k=1,2,...,m,. By
quasi-compactness, we can find a finite covering V; := V,., j
of X. Clearly, every V; is contained in Uj(;) for some i(j) =
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Proof of Theorem 11

Consider a finite Zariski open covering {Ui, Ua, ..., Uy} of X with local
presentation of the sheaf F

Of(‘Ui ﬂ> Og(i|Ui ﬂ) -F’U,- — 0.
By Lemma 11, for any point a € X there are finitely many sections
Sal, S22y -+ -5 Sam, € ]:(Va)a my €N,

on a Zariski open neighbourhood V, of a, contained in U; for some

i=1,2,...,n, which generate F over V,. After shrinking V,, we can also
assume that s, = i(tak) for some ty € OF(Va), k=1,2,...,m,. By
quasi-compactness, we can find a finite covering Vj := V,,, j=1,2,...,m

of X. Clearly, every V; is contained in Uj;) for some i(j) = 1,2,...,n. Put
Sik = Sajk and i = tak

forj=1,2,....m, k=1,2,....,mj =m,.
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over V.

Proof of Theorem 11

Then sjx = jj)(tjx) and the sections sj, k = 1,2,..., m; generate F
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Proof of Theorem 11

Then sjx = jj)(tjx) and the sections sj, k = 1,2,..., m; generate F
over V;. The sets X \ V; are Zariski closed and thus are of the form

X\V;={Q; =0}, j=12,....m

for some regular functions Q; on X.
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Proof of Theorem 11

Then sjx = jj)(tjx) and the sections sj, k = 1,2,..., m; generate F
over V;. The sets X \ V; are Zariski closed and thus are of the form

X\V;={Q; =0}, j=12,....m

for some regular functions Q; on X. It follows from Lemma 9 that there

exist a multi-blowup o : X — X and a positive integer N such that for
each j =1,2,..., m the sections

(@) o* sy k=1,2,....mj,

extends to global sections sy € o*F(X). Since ~{U‘1(\/J-)}J-”’:1 is a Zariski
open covering of X, itis easy to check that the global sections

sik, j=1,2,....m, k=12,....m;

generate the pull-back (¢*F), for every y € X. This finishes the proof.

Tomasz Kowalczyk (Jagiellonian University inA version of Cartan’'s | heorem A for coherent +édz, January 12, 2018 18 /19



Corollary 1

Let F be a coherent sheaf on a non-singular real affine variety X. Then
there exists a multi-blowup o : X — X such that the pull-back o* F
admits a global presentation:

2 q *
(92—>02—>a}"—>0
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Corollary 1

Let F be a coherent sheaf on a non-singular real affine variety X. Then
there exists a multi-blowup o : X — X such that the pull-back o* F
admits a global presentation:

2 q *
OX_)O?_“T]:_)O

Connections with works of Tognoli:

Corollary 2

Let F be a coherent sheaf on a non-singular real affine variety X. Then
there exists a multi-blowup o : X — X such that ¢*F is an A-coherent
sheaf.
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