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Theorem 1 (Serre)

Let X be an a�ne variety over an algebraically closed �eld and F be a
coherent sheaf on X . Then �Hp(X ,F) = 0 for p > 0.

X will be a non-singular irreducible real a�ne variety with structure sheaf
OX .

De�nition 2

A sheaf F of OX -modules is called quasi-coherent if there exists a �nite
Zariski open covering {Ui}ni=1 of X such that for every Ui there is an exact
sequence of sheaves

O⊕JiX |Ui

φi−→ O⊕IiX |Ui

ψi−→ F|Ui
→ 0.

F is called coherent if the sets Ii , Ji can be taken to be �nite.
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By a multi-blowup we mean a �nite composition of blowups along smooth
centers. The basic tool used in these proofs is transformation to simple
normal crossing.

De�nition 3

We say that a regular function g : X → R on a non-singular real algebraic
variety of dimension d is a simple normal crossing if in a neighbourhood of
each point a ∈ X one has

g(x) = u(x)xα = u(x)xα11 xα22 . . . xαd
d

where u(x) is a unit at a, α ∈ Nd and x = (x1, x2, . . . , xd) are local
coordinates near a, i.e. x1, x2, . . . , xd ∈ Oa,X is a regular system of
parameters of the local ring Oa,X .

Theorem 4

Let f1, f2, . . . , fk be regular functions on X . Then there exists a
multi-blowup σ : X̃ → X such that σ∗f1, σ∗f2, . . . , σ∗fk are simple normal
crossings and they are linearly ordered by divisibility relation near each
point b ∈ X̃ .
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Given two multi-blowups α : Xα → X , β : Xβ → X we say that Xα � Xβ if
there is a (unique) regular map fαβ making the following diagram commute

Xα Xβ

X

α

fαβ

β

Obviously, � is a partial order on the set of all multi-blowups of X .

Proposition 1

With the order given above, the set of multi-blowups of X is a directed set.
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Let F be a sheaf on X and U = {Ui}ni=1 be a �nite Zariski open covering
of X . Put Ui0...iq = Ui0 ∩ Ui1 ∩ · · · ∩ Uiq and

Cq(U ,F) :=
∏

1≤i0≤i1≤···≤iq≤n
F(Ui0i1...iq).

Cq(U ,F) is called the abelian group of q-cochains.

We have a chain complex

· · · −→ Cq−1(U ,F) dq−1

−→ Cq(U ,F) dq

−→ Cq+1(U ,F) −→ . . .

where

(dqf )i0i1,...iq+1 =

q+1∑
j=0

(−1)j f
i0i1...îj ...iq+1

|Ui0 i1...iq+1

for any f = (fi0...iq) ∈ Cq(U ,F). If α : Xα → X is a morphism of real
a�ne varieties, we get the induced chain complex

· · · −→ Cq−1(Uα, α∗F) dq−1

−→ Cq(Uα, α∗F) dq

−→ Cq+1(Uα, α∗F) −→ . . . .

and a canonical chain complex homomorphism

α∗ : C •(U ,F)→ C •(Uα, α∗F);
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Put
F̃(U) = lim

−→
α

α∗F(Uα),

for any Zariski open subset U of X ; direct limit is taken over the directed
set of multi-blowups of X . Obviously, F̃(U) has a structure of
OX (U)-module.

Let C̃ •(U ,F) be the chain complex de�ned by the formula

C̃ •(U ,F) = lim
−→
α

C •(Uα, α∗F).

De�nition 5

The q-th blown-up �ech cohomology group of F with respect to U
H̃q(U ,F) is the q-th cohomology group of the chain complex C̃ •(U ,F).
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Assume we have a short exact sequence of sheaves of OX -modules

0→ F → G → H → 0.

What do we have to assume about F ,G,H in order to obtain a short exact
sequence of chain complexes

0→ C̃ •(U ,F) φ→ C̃ •(U ,G) ψ→ C̃ •(U ,H)→ 0?

In general we have only

0→ C •(U ,F)→ C •(U ,G)→ C •(U ,H)

and if α : Xα → X is a multi-blowup we have even less

C •(Uα, α∗F)→ C •(Uα, α∗G)→ C •(Uα, α∗H).
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Lemma 6

Let F be a quasi-coherent sheaf on X . For any Q ∈ OX (X ) and a section
s ∈ F(X ) such that s|U = 0 with U = X \ {Q = 0}, there exist a
multi-blowup σ : X̃ → X and a positive integer N such that (QN)σσ∗s = 0
in σ∗F(X̃ ).
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Lemma 7

Let F be a quasi-coherent sheaf on X with local presentations

O⊕JX |Ui

φi−→ O⊕IiX |Ui

ψi−→ F|Ui
→ 0 i = 1, 2, . . . , n

on a �nite Zariski open covering {Ui}ni=1 of X . Consider a �nite number of
sections sj ∈ F(Vj) on Zariski open sets

Vj = X \ {Qj = 0}, j = 1, 2, . . . ,m

where Qj are regular functions on X . Assume that every Vj is contained in
Ui(j) for some i(j) = 1, 2, . . . , n and that for each j there is a section

tj ∈ O
Ii(j)
X (Vj) such that ψi(j)(tj) = sj . Then there exists a positive integer

N and a multi-blowup σ : Xσ → X such that every section
(QN

j )σσ∗sj , j = 1, 2, . . . ,m, extends to a global section on Xσ.
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Theorem 8

Let
G θ→ H→ 0

be an exact sequence of quasi-coherent sheaves on X . Then for any Zariski
open U ⊂ X and any section u ∈ H(U) there exists a multi-blowup
α : Xα → X such that α∗u ∈ im θα.

Corollary 1

Let
G θ→ H→ 0

be an exact sequence of quasi-coherent sheaves on X . Then, for any
Zariski open subset U ⊂ X , the induced sequence of OX (U)-modules

G̃(U)→ H̃(U)→ 0

is exact.
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Let F be a quasi-coherent sheaf on X .

De�nition 9

We say that H is of homological dimension k at x , hdim xH = k , if k is the
smallest integer such that there exists a Zariski open neighbourhood U and
sets of indices I0, I1, . . . , Ik for which there is an exact sequence of sheaves:

0→ O⊕IkX |U → O
⊕Ik−1
X |U → · · · → O⊕I0X |U → H|U → 0.

We de�ne the homological dimension of H as

hdimH = sup
x∈X

hdim xH.

Obviously, hdimH = 0 i� H is a locally free sheaf. Consequently,
hdimH = 1 means that H is locally a quotient of free sheaves.
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Proposition 2

Let H be a coherent sheaf on X and x ∈ X , then

pdHx = hdim xH,

here pdHx is a projective dimension of Ox ,X -module.

Proposition 3

Let R be an integral domain, and K its �eld of fractions. Consider an exact
sequence of R-modules

0→ F → G

such that F is free and the projective dimension of G is ≤ 1. Then for any
ring S such that R ⊂ S ⊂ K the induced sequence

0→ F ⊗R S → G ⊗R S .

is exact.
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Proposition 4

Let
0→ F → G

be an exact sequence of quasi-coherent sheaves on X such that
hdimF = 0 and hdimG ≤ 1. Then for any multi-blowup σ : Xσ → X the
induced sequence

0→ σ∗F → σ∗G

is exact.

Lemma 10

Let α : Xα → X be a multi-blowup of X and H a quasi-coherent sheaf on
X . If H is of homological dimension ≤ 1, so is the pull-back α∗H.
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Proposition 5

Let U be a �nite Zariski open covering of X and

0→ F → G → H → 0

be a short exact sequence of quasi-coherent sheaves on X such that
hdimF = 0 and hdimG ≤ 1.

Then there is an induced short exact
sequence of chain complexes

0→ C̃ •(U ,F) φ→ C̃ •(U ,G) ψ→ C̃ •(U ,H)→ 0

which induces long exact sequence of blown-up �ech cohomology

· · · → H̃p(U ,F)→ H̃p(U ,G)→ H̃p(U ,H)→ H̃p+1(U ,F)→ . . .
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Proposition 6

Let F be a quasi-coherent locally free subsheaf of O⊕IX . For any �nite
Zariski open covering of X we have

H̃q(U ,F) = 0.

From this we immediately obtain Cartan's Theorem B

Theorem 11

Let F be a sheaf of OX -modules and let U be a �nite Zariski open
covering of X . Assume that one of the following conditions hold

a) F is a quasi-coherent locally free subsheaf of O⊕IX .

b) F is a quasi-coherent sheaf with global presentation and hdimF ≤ 1.

c) F is a coherent sheaf with hdimF ≤ 1.

Then H̃q(U ,F) = 0, for q ≥ 1.
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c) F is a coherent sheaf with hdimF ≤ 1.

Then H̃q(U ,F) = 0, for q ≥ 1.
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Let U = {Ui}ni=1 be a �nite Zariski open covering of X . Assume that for
each i we have a rational function fi on Ui such that fi − fj is regular on
Ui ∩ Uj for each two distinct indices i , j = 1, 2, . . . n. Then we call
{(Ui , fi )}ni=1 data of the �rst Cousin problem or an additive Cousin
distribution on X .

The �rst Cousin problem consists in characterizing those data
{(Ui , fi )}ni=1 which have the principal parts of a rational function f on X ,
i.e. those for which f − fi are regular on Ui , i = 1, 2, . . . , n. We then say
that the data {(Ui , fi )}ni=1 is solvable. If every �rst Cousin data on X is
solvable, we say that the �rst Cousin problem is universally solvable on X
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Consider the short exact sequence

0→ OX → KX
ϕ→ HX := KX/OX → 0

of quasi-coherent sheaves on X . The data {(Ui , fi )}ni=1 of the �rst Cousin
problem can be related to a unique global section s ∈ HX (X ); every such
section is called a principal part distribution on X . Then we also say that
{(Ui , fi )}ni=1 is an s-representing distribution. In particular, for every
rational function f ∈ KX (X ) we have its principal part distribution ϕ(f ) on
X .

Clearly, every s-representing distribution {(Ui , fi )}ni=1 determines a
1-cocycle (g)ij , gij = fi − fj which induces a cohomology class ζ(s) in
H1(U ,OX ). The solvability of a given Cousin data can be rephrased in
terms of vanishing ζ(s) in H1(U ,OX ).

Lemma 12

An s-representing distribution {(Ui , fi )}ni=1 is solvable i�
ζ(s) = 0 ∈ H1(U ,OX ).
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Lemma 13

For any multi-blowup α : Xα → X we have a short exact sequence

0→ OXα → KXα → HXα → 0

of quasi-coherent sheaves on Xα.

Theorem 14

Let {(Ui , fi )}ni=1 be an s-representing distribution. Then there exists a
multi-blowup α : Xα → X such that pull-back {(Uα

i , f
α
i )}ni=1 is solvable i.e.

there exists a rational function f on Xα such that f − f αi ∈ OXα(U
α
i ).
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Proof of Theorem 14

The above lemma yields the following short exact sequence of chain
complexes

0→ C̃ •(U ,OX )→ C̃ •(U ,KX )→ C̃ •(U ,HX )→ 0

which induces a long exact sequence in blown-up �ech cohomology

0→ H̃0(U ,OX )→ H̃0(U ,KX )→ H̃0(U ,HX )→ H̃1(U ,OX )

→ H̃1(U ,KX )→ H̃1(U ,HX )→ . . .

By Proposition 6, H̃1(U ,OX ) = 0.
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Proof of Theorem 14

Since
H̃1(U ,OX ) = lim

−→
α

H1(Uα,OXα),

for any class ω ∈ H1(U ,OX ) there exists a multi-blowup α : Xα → X such
that α∗ω = 0 in H1(UαOXα). To �nish the proof it is enough to take
ω = ζ(s).
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