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Abstract

In this note we present an elementary proof of the known fact that any
subring R C k[t] which contains a field k, where k|[¢] is the ring of polynomials
in one variable, is finitely generated k—algebra.

1 Introductions

By N,Z we denote the sets of natural and integer numbers, respectively. We
assume that 0 € N. By k, k[t], k[X1,..., X,] and k(X7,..., X,,) we denote a field,
ring of polynomials in one variable, ring of polynomials in n variables and field of
rational functions in n variables, respectively.

The fourteenth problem of Hilbert is the following question:

1 Let L C k(X;y,...,X,) be arbitrary subfield such that k C L.
Is LNk[Xy,...,X,] a finitely generated k—algebra?

More general question is the following:
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2 Let R C k[X1,...,X,] be arbitrary subring such that k C R.
Is R a finitely generated k—algebra?

For n > 1 answer to the second question is, in general, negative. For some more
details see e.g. [1]. For n = 1 answer is given by the following known

Theorem 1 If R is a subring of k[t] such that k C R then R is a finitely generated
k—algebra.

In this note an elementary proof of the above Theorem is given. In our proof
we use only one simple fact from elementary number theory and linear algebra.

2 Numerical Lemma

If k,l € Z and k = [ - m for some m € Z then we will write l|k. If k,l,m € Z
and m|(k — 1) then we will write k¥ = [ (modm). For any my,...,m, € Z by
GCD(my,...,m,) we denote the greatest common divisor of numbers my, ..., m,
and assume that GCD(my,...,m,) € N.

Lemma 2 ([2] Thm. 1.2) Letn € N, my,...,m, € N and GCD(my,...,m,) =
d. There exists lg € N such that if | > lo and d|l then there exist ly,...,l, € N
such that
l=lim1+ ...+ 1l,m,.
Proof: Let
my

ej=jd  for j=0,1,.u=""_1

There exist l;1,...,lj, € Z, j =0,1,...,u, such that

€5 = lj,lml +...+ ljmmn.

Let
Ij:{ie{l,...,n}:lj7i<0}, 7=0,1,...,u.
For
& = ¢&j + Zier; (|lj,ilma)ms,
we have
€; = gj(modmy)
and
5]‘ = Eigjjljﬂ‘mi + Zielj (ljﬁ‘ + |lj7i|m1)mi, for 7=0,1,...,u.

Thus &g, ...,&, can be written as linear combinations of mq,...,m, with coeffi-

cients from N.
For any | > ly = max{&y,...,&,} such that d|l there exists j € {0,1,...,u}
such that
I =¢j (modmy).



Thus ~
l = é:j —|— lm1
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for some | € N, and so [ can be written as a linear combination of m1, ..., m, with

coefficients from N. O

3 Proof of the Theorem

We can assume that k # R. Let

R,={f€R :deg f<p} for p € N.

The set Ry, for any p € N, is a finite dimensional linear space over k.

Let
M = {deg f : f € R\k}.
We have
M:{ml,mg,...},
where m1,ma, ... € N. Let
MH1 = My, 2 = GCD(ml,mg), ey U = GCD(ml, S ,mn),...
We have

Wn > pine1 and  p, €N for neN.
Thus there exists ng € N such that

Hng = Mno+k for ke N.

We put 11 = fin,.
Let f1,..., fn, € R be such that

deg fi = m; for i=1,...,n9
and gi,...,9s be any basis of the k—linear space R;,, where [y is from Lemma 2
(for numbers my, ..., My, ).

Let f € R be arbitrary. If deg f <[y then

f=a191+ ...+ asgs

for some ay,...,as € k. If deg f > lp then p|deg f and by Lemma 2 there exist

li,...ln, € N such that
deg f =lideg f1 + ...+ lp,deg fn,-
Then there exists a € k such that

Ing
deg (f —aflr ... far0) < deg f.
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By repeating of the above operation we can construct f € K[f1,. .., fno] such that
deg (f = f) < lo.
The above inequality means that f — f € Ry, and finally we get that

fek[gla'"agsaflv"'afno]'
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