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ON CERTAIN CLASSES
OF QUASI-TYPICALLY-REAL FUNCTIONS

Z.J. Jakubowski (L6dz), A. Lecko (Rzeszéw)

1. Let C denote the complex plane, U, = {z € C; |z] < r}, r > 0, the disc
of radius r, U = U; the unit disc.

Definition 1.1. Denote by H,, a € C, |a| < 1, the class of functions of the
form

(1.1) f()=z4a2® +.. . +apnz"+...,

which are regular in U and satisfy the following condition:

(1.2) Re {(1 o221 } >0, zeU.

z

By condition (1.2) we see that the condition |a| < 1 is natural. The
assumption |a| > 1 implies that H, = (.

Let now a = |ale’®, © € R, |a| < 1. If f € H,, then the function g(z) =
e®f(e7®z), z € U, belongs to the class H),| and conversely. Therefore we
will assume that « € (0, 1).

Definition 1.2. Denote by H, ¢ H, the class of regular functions of form
(1.1) for which a, e R, n =2,3,....

Let P denote the well-known class of regular functions p in U of the form
p(z) =14+piz+...+p,2"..., having positive real part in U and Pr C P the
class of functions for which p,, n € N, are real.

31



32

Condition (1.2) is equivalent to the following condition: f € H, (or H,)
if and only if there exists the function p € P (or Pg) such that

z

(1.3) f(z) = mp(z), zeU,
or for o > 0 n
f(Z):%, ZGU, héﬁo (HO)

If we take o = 1 in condition (1.2), then we obtain the class H; examined
by W. Hengartner and G. Schober in [2]. On the other hand the class H;
is identical with the known class Ty typically-real functions of form (1.1),
([6]). For a = 0 we have the class H, that contains functions zp(z), z € U,
where p € P.

The following theorem says that the classes H, are really different among
them.

Theorem 1.1. Ifa € (0,1) and 8 € (0,a)U(a, 1), then H, ¢ Hg and Hs ¢ H, .
Proof. The proof consists of two cases:

1) Let 0<a<1,0< 8 < aand f be the following

z 1+ =2

T 1-a2221-2 el

f(z)
Then f € H, and moreover,

flz) 1-p%221+2
S l—a2221—2z

(1-5%2%)

Let z) = *2 + 2. Therefore 2 = (V2 +1)i and

(1.4) 1—522314-20:<1+a262i_a2—ﬁ2)(\/§+1).

1—a2221— 2 1+at 1+ at

We choose the sequence (z,)%2; such that z, € U, n € N and lim, o 2n = 20.
Then, from (1.4), holds

1- 32,21 1—82z221
lim Re</82" +Z">=Re( Bz +ZO><0.

n=00 1—a2221—2z, 1—a2221-— 2

Thus for suficiently large n we finally obtain

522
Re(m1+zn> < 0.

1—a2221—2z,

This means that f ¢ Hg, so H, ¢ Hg.
2) Let 0<a<1,a< B <1and f be the following

z 1—=2

- U.
1—a2221+4 2’ z€

f(2)
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Thus f € H,. Let again z, = % +i§. Then

1—ﬁ2z31+z0_<a2—62 ,1+a2ﬁ2)(\@_1).

1—a2221—2 \ 1+a* T

Arguing so as in part 1 we have that f ¢ Hg, so H, ¢ Hp.
The proof for the class H, is similar.

2. The next theorems give the integral representation for the classes H,
and H, for a € (0,1).

Let M(0,27) denote the set of all functions u : (0,27) — R that are non-
decreasing in the interval (0, 27) and satisfy the condition fo% du(t) = 2.

Theorem 2.1. A function f belongs to the class H,, o € (0,1), if and only if

1 27

(2.1) f(z)=— Ki(z,t)du(t), zeU,
21 0

where p € M(0,27) and
z 14 ze™®

(22) Kl(z,t) =

1_a2221_ze_it7 ZGU, t6<0,2ﬂ'>

Theorem 2.2. A function f belongs to the class H,, a € (0,1), if and only if

1 27
(2.3) f(z)= o Ko (z,t)du(t), zeU,
T Jo
where p € M(0,27) and
1—22 1—2? z
(24) Ka(z,1) = 1—a2z2 K(zt) = 1—a2221—2zcost + 22’

zeU, te(0,2n).

Of course, Theorems 2.1 and 2.2 follow immediately from the Herglotz
representation formula for the classes P and Pr ([3]) and from (1.3).

Obviously, for &« = 1 we have from (2.4) the integral representation for the
class Tr ([9]).

The kernels K;(z,t) and K»(z,t) defined in (2.2) and (2.4) are regular in
U and continuous in (0,27). Let now z € U be a fixed point. Therefore
integrals (2.1) and (2.3) are a weighted averages of the points on the curves
I :w = Ki(z,t) and Iy = Ky(z,t) where ¢ € (0,27), respectively. Thus from
Theorems 2.1 and 2.2 we obtain

Corollary 2.1. Let z € U be a fized point. Then the region D, of values of
the functional G(f) = f(z), f € Ha, a € (0,1), is the closed convex hull of the
curve I't : w = Ky (z,t), t € (0,2m).
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Corollary 2.2. Let z € U , Im(z) # 0, be a fived point. Then the region D, of
values of the functional G(f) = f(2), f € Hy, a € (0,1), is the closed convex
hull of the curve Iy : w = Ka(z,t), t € (0,27). If Im(z) = 0, then D, s the
closed segment of the real azis having end-points at Ka(z,7) and Ka(z,0).

3. Using (2.1) and (2.3) we can find the formulae for coefficients of func-
tions of the classes H, and H,.

Theorem 3.1. If f € H,, a € (0,1), and if f is of form (1.1), then

1 [ (aeit)?k —1
. —(2k—1)it T du(t
A2k T /0 e oze‘t) 1 :u( )a
L onit (ae™) 2D — L s
=— T — = du(t
A2k+1 7r/0 ( ae”) 1 2« 14(t)

for ke N, ue M(0,2m).
Remark 8.1. If f € Hy, and if f is of form (1.1), then

1 [?"sinkt _,
ask = */ - eilktd,u’(t)a
0

™ sint

1 [P sin(k+ 1)t
=—1+- LT APl L I C
92k+1 * 7r/0 sint ¢ n(t);

keN, pe M(O,2r).
Theorem 3.2. If f € H,, a € (0,1), and if f is of form (1.1), then

1 [*7 sin2kt
= du(t
“r=or sint u(t)
1 [*™ a?*sin2t — a?sin 2kt + sin 2(k — 1)t
2
—1)— du(t
+(a ) 7r/0 (a* — 202 cos 2t + 1) sint uit),
/27r sin(2k + 1)t sin@k + Uty o)
a il
2k+1 = sint H
F ot / (@ + a2k 2)sint — o2 sin(2k + 1).t + sin(2k — 1)tdﬂ(t)7
27 (a* — 202 cos 2t + 1) sint

keN, pe M(0,2m).
Remark 3.2 ([5]). If f € Tg, and if f is of form (1.1), then

1 2™ sinnt

du(t), neN, pe M(0,2mr).

Qp = — -
" om J, sint

Now, we get the theorem concerning the estimations of all coefficients of
function (1.1) from the class H, or H,.
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Theorem 3.3. If f € H,, a €(0,1), and if f is of form (1.1), then

(3.1) |lag+1 — oPap_1| < 2, (ap =0, a1 =1),
17&219
(3.2) lagg < { 2 € 0.1)
2k a=1,

92k _o2(k+1)

=_ % €(0,1)
3.3 a < 1—a? y o y 4 )y
(3:3) |2k+1_{2k+1 oo

where k € N. The equalities in (3.1), (3.2), (3.3) are realized by the function

_ z 1+ez
T 1—a2221—ez’

(3.4) fa(2)

zeU, e€C, lg=1.
Remark 3.3. We can also obtain a theorem for the class H, similar to The-
orem 3.3

4. The distortion theorem for H, is the following
Theorem 4.1. If f € H,, o € (0,1), then

rd—r) r(l1+r)
-y e <l < g
(42) |f/(2:)| < 1+2r — (1 — ()42)7‘2 — 20213 — a2t

(1—a?r2)2(1—r)?

for |z| <r < 1.

Remark 4.1. Estimations (4.1) and (4.2) are sharp. The upper bounds are
achieved by the function f,, =1, (defined in (3.4)) at the point z = r.
The lower bound in (4.1) is realized by the function f,, =14, at the point

z =1r.

From Corollary 2.2 we can obtain the upper bound for f(z)| for the class
H,.

Theorem 4.2. If f € H,, a € (0,1), then

T if Re(:+1)>2,
(43) < |2 m G+ L) |7 if |Re(=+1)| <2,
z(1—2)

FEES = if Re(z+1)<-2,

where z € U, z # 0.

Of course, from Theorem 4.2 we obtain immediately the known estima-
tions | f(z)| for the functions f € Tk, ([1]).
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Theorem 4.3. If f € H,, a € (0,1), then

Arg

1—2 f(z) 1+ 2
Ar90—a S8 S AT —az?)

where z € U, Arg1 = 0.

The last theorem is a generalization of the known result due to G.M.
Golusin that concerns the estimation of Arg @ in the class Tg.
5. In view of Theorem 1.1 it is natural to consider some radius problem.

Definition 5.1. Let «, 8 € (0,1). Denote by R.(8) the radius of the largest
disc Ug,(p) such that every function f being an element of the class Hg
satisfies the following condition in the disc Ug_ g):

Re {(1 — a2z2)f(z)} > 0.

z

In other words, if «, 5 € (0,1), then
R, (8) =sup {r €(0,1) : Re {(1 - a222)z} >0, z¢€ U,«} , fe Hg.

We obtain
Theorem 5.1. If a € (0,1), then

9 1/2
Ra(0) = <1+a2+(1+6a2+a4)1/2) :

From Theorem 5.1 we get immediately

Corollary 5.1. Every function f of the class Hy satisfies in the disc Ugr,(0),
where R1(0) = (v2 —1)Y2, the following condition

Re{(l —ZQ)JC(Z)} > 0.

z

The problem of finding R, (3) for arbitrary a,f € (0,1) remains open.
The omitted justification and other properties of the classes H, and H,
wese submitted for publications ([4]).
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O PEWNYCH KLASACH FUNKCJI QUASI-TYPOWO-RZECZYWISTYCH

Streszczenie. W pracy wprowadzono i zbadano klasy H,, « € (0,1), funkcji
f(2) =2+ a2+ ... +a,z" +... holomorficznych w kole U = {z € C: |z| < 1}
i speliajacych warunek Re{(1 — a?2%)f(2)/z} > 0, z € U. Rozwazane sa
takze podklasy H,, C H, funkcji o rzeczywistych wspétezynnikach (a,, = an,
n = 2,3,...). Oczywiscie klasa H; jest identyczna ze znana rodzina Tr
funkcji typowo-rzeczywistych w U.
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